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ABSTRACT

In this paper, introduced a new notions of N-sub algebras. (closed,
commutative, retrenched) N-ideals, 6 —negative functions, and ©-

translations are introduced, and related properties are investigated.
Characterizations of an N-sub algebra and a (Commutative) N-ideal are
given. Relations between an N-sub algebra an N-ideal and commutative N-
ideal are discussed. We verify that every X-translations of an N-sub algebra
(resp. N-ideal) is a retrenched N-sub algebra (resp.retrenched N-ideals).

Already introduced a notationof prime ideal in BCIK - algebra show that it
is equivalent to the last definition of prime ideal in lower BCIK - Semi
lattices. Then we attempt to generalized some useful theorems about prime
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ideals, in BCIK-algebras, instead of lower BCIK-Semi lattices. We already

investigate some results for Pl-lattices being a new classical of BCIK-
lattices. Specially, we prove that any Boolean lattice is a Pl-lattice and we
show that if X is a Pl-lattice with bounded commutative, then X is an
involutory BCIK-algebra if and only if X is a commutative BCIK-algebra.
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1. INTRODUCTION

In 2021, S Rethina Kumar [1] defined BCK - algebra in this
notion  originated  fromtwo different  sources:
(Combination of two algebraic notions BCK and BCI) one
of them is based on the set theory the other is form the
classical and non - classical propositional calculi. They are
two important classes of logical algebras, and have applied
to many branches of mathematics, such as group theory,
functional analysis, probability theory and topology. Also S
Rethina Kumar introduced the notion of BCIK-algebra
which is a generalization of a BCIK-algebra of a BCIK-
algebra [1]. Several properties on BCIK-algebra are
investigated in the papers [1,5].But differently deal no
negative meaning of information is suggested, now feel a
need to deal with negative information. To do so, also feel
a need to supply mathematical tool. To attain such object,
introduced and use new function which is called negative
valued function. The important achievement of this article
is that one can deal with positive and negative information
simultaneously by combining ideals in this article and
already well known positive information.

In this paper, discuss the ideal theory BCIK-algebra based
on negative-valued functions. Introduced the notions of N-
sub algebras, (closed, commutative, retrenched) N-ideals.
6 — negative functions and ®-translations, and then
investigate several properties. Give characterizations of an
N-sub algebra and a (commutative) N-ideal. Discuss
relations between an N-sub algebra, an N-ideal and
commutative N-ideal. Show that every X-translations of an
N-sub algebra (resp. N-ideal) is a retrenched N-sub
algebra (resp. retrenched N-ideal).

distributed under
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2. [1,2] Preliminaries
Definition 2.1. BCIK algebra

Let X be a non-empty set with a binary operation * and a
constant 0. Then (X,*,0) is called a BCIK Algebra, if it
satisfies the following axioms for all x,y,z € X:

(BCIK-1) x*y = 0, y*x = 0, z*x = 0 this imply thatx =y = z.
(BCIK-2) ((x*y)*(y*z))*(z*x) = 0.

(BCIK-3) (x*(x*y))*y = 0.

(BCIK-4) x*x =0, y*y =0, z*z = 0.

(BCIK-5) 0*x =0, 0*y = 0, 0*z = 0.

For all x,y,z € X. An inequality < is a partially ordered set
on X can be defined x <y if and only if

(x*y)*(y*z) = 0.

Properties 2.2.1 any BCIK - Algebra X, the following
properties hold for all x,y,z € X:

1. 0EX

2. x*0=x.

3. x*0=0impliesx =0.

4. 0*(x*y) = (0*x)*(0%y).

5. X*y =0 impliesx=y.

6. X*(0*y) =y*(0*x).

7. 0*(0*x) =x.

8. x*yE€Xandx€Ximplyy € X
9.

(xy)*2 = (x*2)*y
10. x*(x*(x*y)) = x*y.
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11. (x*y)*(y*z) = x*y.

12. 0<x<yforallxy€X

13. x <y implies x*z < y*z and z*y < z*x.
14. x*y <x.

15. x*y <z e x*z<yforallxy,z €X

16. x*a = x*b implies a = b where a and b are any natural
numbers (i.e).,a,b €N

17. a*x =b*x implies a = b.
18. a*(a*x) = x.
Definition 2.3.[1]Let X be a BCIK - algebra. Then, for all x,

y,zEX:
1. X is called a positive implicative BCIK - algebra if

(x*y)*z = (x*2)*(y*2).
2. Xis called an implicative BCIK - algebra if x*(y*x) = x.
3. Xis called a commutative BCIK - algebra if x*(x*y) =
y*(y*x).
4. Xis called bounded BCIK - algebra, if there exists the

greatest element 1 of X, and for any x€ X, 1*x is
denoted by GGy,

5. X s called involutory BCIK - algebra, if for all x € X,
GGx=x.

Definition 2.4.Let X be a bounded BCIK-algebra. Then for
allx,y €X:
1. G1=0and GO =1,

GGy< x that GGx = G(Gy),
Gx * Gys y*x,

Gx*y = Gy*x
GGGy = Gy

Theorem 2.5.Let X be a bounded BCIK-algebra. Then for
any x, y € X, the following hold:
1. Xisinvolutory,

2. x*y =Gy *Gy
3. x*Gy=y*Gy

2
3
4. y<ximplies Gy < Gy,
5
6

4. x<Gyimpliesy < Gx.

Theorem 2.6. Every implicative BCIK-algebra is a
commutative and positive implicative BCIK-algebra.

Definition 2.7.Let Xbe a BCIK-algebra. Then:

1. Xis said to have bounded commutative, if for any x, y
€ X, the set A(x,y) = {t € X : t*x < y} has the greatest
element which is denoted by x o y,

2. (X*<) is called a BCIK-lattices, if (X,<) is a lattice,
where < is the partial BCIK-order on X, which has been
introduced in Definition 2.1.

Definition 2.8.Let X be a BCIK-algebra with bounded
commutative. Then for all x,y, z € X:
1. y<xo(y*x),

2. (x0z)*(yoz)<xty,

3. (x*y)*z=x*yoz),

4. Ifx<y,thenxoz<yoz
5

Z*X<y & zZ<Xxoy.

Theorem 2.9.Let X be a BCIK-algebra with condition
bounded commutative. Then, for all x, y, z € X, the
following are equivalent:

X is a positive implicative,

x<yimpliesxoy=y,

X0X=X,

(xoy) *z=(x*z) o (y*z),

X0y =xo0 (y*x).

Theorem 2.10. Let X be a BCIK-algebra.

1. If X is a finite positive implicative BCIK-algebra with

bounded and commutative the (X,<) is a distributive
lattice,

S N S

2. IfXisa BCIK-algebra with bounded and commutative,
then X is positive implicative if and only if (X,<) is an
upper semilattice withx vy =xoy, foranyx,y €X,

3. IfXis bounded commutative BCIK-algebra, then BCIK-
lattice (X,<) is a distributive lattice, where x A y =
y*(y*x) and x v y= G(Gx A Gy).

Theorem 2.11. Let X be an involutory BCIK-algebra, Then
the following are equivalent:
1. (X,<)isalower semilattice,

2. (X,<) is an upper semi lattice,
3. (X5)is alattice.

Theorem 2.12. Let X be a bounded BCIK-algebra. Then:
1. every commutative BCIK-algebra is an involutory
BCIK-algebra.

2. Any implicative BCIK-algebra is a Boolean lattice (a
complemented distributive lattice).

Theorem 2.13.Let X be a BCK-algebra, Then, for all x,y, z €
X, the following are equivalent:
1. Xis commutative,

2. X'y =x*(y*(y*x)),
3. x*(xy) =y*(y* (x*(x*y))),
4. x<yimplics x = y*(y*x).

Definition 2.14. Let I be a nonempty subset of BCIK-
algebra X containing 0. 1 is called an ideal of X if
yxx€landx € implyy €1, for any x,y € X. Clearly
{0} is an ideal of X and we write 0 is an ideal of X, for
convenience. An ideal I is called proper, if I # X and is
called closed, ifif x *xy € I, for all x,y € I. The BCIK-part
of X is a closed ideal of X. Let S be a nonempty subset of X.
We call the least ideal of X containing S, the generated
ideals of X by S and is denoted by (S).x

If A and B are sub algebras of X, then we usually denote
A+B for (A U B). Moreover. A+B is a closed ideal of X. If X is
a BCIK-algebra, then BCIK-part of X is a closed ideal of X
and p- Semi simple part of X is a sub algebra of X. If X is a
lower BCIK-Semi lattices, then for any x,y € X, we have
(x) n (y) = (x Ay). Let A be an ideal of a BCIK-algebra X.
Then the relation 0 defined by (x,y) E0 & x*xy,y*xx €
A is a congruence relation on X. We usually denote A, for
[x] = {y € X|(x,y) € 6}. Moreover, 4, is a closed ideal of
ideal of BCIK-algebra X. In fact, it is the greatest closed

ideal contained in A. Assume that %= {Ay|x € X}. Then
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(X/Ax, A,) is a BCIK-algebra , where A, * A, = A,,,. For
allx,y € X.

Let X and Y be two BCIK-algebras. Amap f: X — Y is called
a BCIK-homomorphism if f(x *xy) = f(x) * f(y) for all
x,y € X.If f: X - Y is a BCIK-homomorphism, then the set
ker(f) = f1(0) is a closed ideal of X. A homomorphism is
one to one if and only if ker(f) = {0}. The homomorphism
f is called epimorphism if f is onto. Moreover, an
isomorphism is a homomorphism. Which is both one to
one and onto. Note that, if f:X—->Y is a BCIK-
homomorphism, then f(0)-0. An element x of BCIK-algebra
is called nilpotent if 0 * x™-0, for some n € N. A BCIK-
algebra is called nilpotent if any element of X is nilpotent.

Theorem 2.15. BCIK-algebra X is nilpotent if and only if
every ideal of X is closed.

Theorem 2.16. Let S be a nonempty subset of a BCIK-
algebra X and 4 = {x € X|(....((x * a;) * ....) *a, = 0, for
some n € N and some @y, ....,a, € S}. Then (S) = A U {0}.
Especially, if S contains a nilpotent of X, then (S)=A,
Moreover, if I is an ideal of X,

then (AU S) = {x € X|(....((x * ay) * ay) * ....)a, € A}, for
somen € N and a4, ...,a, € S}

Definition 2.17. A proper ideal [ of BCIK-algebra X is called
an irreducible ideal if AN B = I implies A = I or B = I, for
any ideal A and B of X.

Definition 2.18. Let X be a BCIK-algebra. A proper ideal M
of X is called a maximal ideal if (M U {x}) = X for any x C
X\M, where (M U {x}) is an ideal generated by M U {x}.
Note, M is a maximal ideal of X if and only if M C A C
X implies that M = Aor A =X, for any ideal A of X.

Theorem 2.19. Let X and Y be two BCIK-algebra and
f:X - Y be a BCIK-algebra epimorphism. If A = ker (f),
then a: X/A—-Y which defined by a(4,) = f(x) is a BCIK-
isomorphism.

Lemma 2.20. Let I and ] be two ideals of BCIK-algebra X
such I € J. Denote J/I-{I, € X \x € J}. Then

1. x €]Jifandonlyifl, € J/I, forany x € X.
2. J/I={l, € X/I |x € J}is anideal of X/I.

3. Let I be aclosed ideal of X. If S and T are sets of all
ideals of X and X/I, respectively, then the map
g:S — T defined by g(J) = J/I, is a bijective map. The
inverse of g is the map f:T — S, is defined by

fU) =V {I|l €]}

Definition 2.21. A proper ideal I of lower BCIK-semi lattice
X is called prime if x Ay € I impliesx € lory €. Let

{Xi}ie; be a family of BCIK-algebra. Then l.gXi is a BCIK-
algebra and the map nj:igXi — X; is the i-th natural

projection map.

Definition 2.22. A BCIK-algebra X is a subdirect product of
BCIK-algebra family {X;};¢; if there is an one to one BCIK-

homomorphismf: X — igXisuch that  m(f(X)) =X,
where 7;: zeHin — X; is the i-th natural projection maps for
all i €l. Moreover, the map f is called sub direct
embedding.

3. N-sub algebras and (commutative) N-ideals
Denote by F(X,[—1,0]) the collection of functions from a
set X to [-1,0], say that an element of F(X,[—1,0]) is a

negative-valued function from X to [-1,0] (briefly, N-
function on X) By an N-structure we mean an ordered pair
(X, @) of X and an N-function ¢ on X. In what follows, let X
denote a BCIK-algebra and ¢ an N-function on X unless
otherwise specified.

Definition 3.1 By a sub algebra of X based on N-function ¢
(briefly, N-sub algebra of X), we mean an N-structure
(X, ¢) in which ¢ satisfies the following assertion:
(Vx,y € X)(p(x *y) < max{p(x),p(y)}). For any N-
function ¢ on X and t € [-1,0), the set C(¢:t) ={x €
X|p(x) <t} is called a closed (¢,t)-cut of ¢, and the set
O(p:t) == {x € X|p(x) < t} is called an open (¢, t)-cut of
Q.

Theorem 3.2. Let (X, ¢) be an N-structure of X and ¢. Then
(X, @) is an N-sub algebra of X if and only if every non-
empty closed (¢,t)-cut of ¢ is a sub algebra of X for all
t € [—1,0).

Proof. Assume that (X, ¢) is an N-sub algebra of X and let
t € [-1,0) be such that C(gp;t) # . Let x,y € C(@;t).
Then ¢(x) <t and ¢@(y) <t. It follows that ¢(x,y) <
max {@(x), p(y)} < t sothatx * y € C(¢;t). Hence C(¢; t)
is a sub algebra of X.

Conversely, suppose that every non-empty closed (¢, t)-
cut of X is a sub algebra of X for all t € [—1,0). If (X, ) is
not an N-sub algebra of X, then @(a#*b)>t,=>
max {¢(a), p(b)} for some a,b € X and t € [-1,0). Hence
a,b € C(p;ty) and a,b & C(p; ty). This a contradiction.
Thus ¢ (x * y) < max{@(x), p(y)}forall x,y € X.

Corollary 3.3. If (X, ¢) is an N-sub algebra of X, then every
non-empty open (¢,t) — cutof X is a sub algebra of X for
allt € [-1,0).

Proof. Straightforward.

Lemma 3.4. Every N-sub algebra (X, ¢) of X satisfies the
following inequality: (Vx € X) (@ (x) = ¢(0)).

Proof. Note that x*x =6 for all x € X. We have
©(0) = p(x *x) < max{p(x) @)} = p(x) forall x € X.
Proposition 3.5. If every N-sub algebra (X, ¢) of X satisfies

the following inequality: (Vx,y € X)(@(x *y) < o)),
then ¢ is a constant function.

Proof. Let x € X, have ¢(x) = ¢(x * 0) < ¢(6). It follows
from that ¢ (x) = ¢(6), and so ¢ is a constant function.

Definition 3.6. By an ideal of X based on N-function ¢
(briefly, N-ideal of X), we mean an N-structure (X, ¢) in
which ¢ satisfies the following assertion: (Vx,y €

X)(@(0) < ¢(x) < max{p(x *y), ().

Example 3.7. Let X={6, a, b, c} be a set with the following
Cayley table:

*I1|A|B]|c
6166 |6|86
A|lA|O |08 |a
B|B|A|6O|Db
cicjcjc|e

Then (X,*,0) is a BCIK-algebra. Define an N-function ¢ by

X 0 A b c
¢ |-07]-05]|-05]-0.3

It is easily verify that (X, ¢) is both an N-sub algebra and
an N-ideal of X.
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Example 3.8. Consider a BCIK-algebra X :=Y X Z, where
(Y,*,0) is a BCIK-algebra and (Z, —,0) is the adjoint BCIK-
algebra of the additive group (Z, +,0) of integers. Let ¢ be
an N-function on X defined by

px) = {t ifx€Yx (N_ u {0, for all x € X where N is the
0 otherwise

set of all natural numbers and t id fixed in [-1,0), and so
(X, @) is an N-ideal of X.

Proposition 3.9. If (X,¢) is an N-ideal of X, then
(Vx,y €X)(x <y = ¢(x) < o).

Proof. Let x,y € X be such that x < y. Then x * y = 6, and

S0 @ (x) < max{p(x *y), (y)} = max{p(0), p(y)} =
¢ (). This completes the proof.

Proposition 3.10. Let (X, ) be an N-ideal of X. Then the
following are equivalent:

1. (vx,y €X) ((p(x xy) < @((x *y) * 3’)>'

2. (Vx,y,z€X) ((p((x xz) x (y*2)) < o((xxy) * z))

Proof. Assume that (i) is valid and let x,y,z € X. Since

(ks *D)*z)rz=(xx2)* D)+ z< (x*y)*
z, it follows from that @(((x * (y ** 2)) *z) * z) < @((x *
y)*z), we have @((x*2)*(y*z))=@((x*(*2)*
7)< o(((x*x(yx2z)) *2)*z) < ¢((x * y) * z). Conversely
suppose that (ii) holds. If we use Z instead of y in (ii), then
pGcx2) = p((x=2) +0) = p((x*2) * (2% 2)) < @((x »
z) * z) for all x, z € X. This proves (i)

Theorem 3.11. For any sub algebra (res. Ideal) U of X,
there exists an N-function ¢ such that (X, ¢) is an N- sub
algebra (resp. N-ideal) of X and C(¢,t) = U for some
t € [-1,0).

Proof. Let U be a sub algebra (resp. ideal) of X and let ¢ be
an N-function on X defined by

_(OifxgU - ) )
ox) = {t ifxeu where t is fixed in [-1,0). Then (X, @) is

an N-sub algebra (resp. N-ideal) of X and C(¢@; t) = U.

Theorem 3.12. Let (X, ) be an N-structure of X and ¢.
Then (X, @) is an N-ideal of X if and only if it satisfies:
(Vt € [-1,0))(C(g;t) # = C(g;t)isanideal of X).

Proof. Assume that (X, ¢) is an N-ideal of X. Let t € [—1,0)
be such that C(¢p;t) # .Obviously, 8 € (¢;t).Letx,y € X
be such that x*y € C(p;t) and y € C(p;t). Then
px*y)<tand p(y) <t. It follows from that

@(x) s max{p(x*y), ()} <t so that x€C(p;0).
Hence C(¢; t) is an ideal of X.

Conversely, suppose that is valid. If there exists a € X
such that @(0) > ¢(a),then p(0) > t, = ¢(a) for some
t, € [-1,0).x Then 6 ¢ C(¢;t,)which is a contradiction.
Hence ¢(8) < @(x) for all x € X. Now, assume that there
exists a,b € X such that ¢(a) > max{@p(a*b),¢e(b)}.
Then there exists s€[—10) such that ¢(a)>
max {¢(a * b), p(b)}. It follows that
axb € C(p;s)and b € C(p;s), but a & C(p;s). This is
impossible, and so @(x) < max{p(x *y),¢(y)) for all
x,y € X. Therefore (X, ) is an N-ideal of X.

Corollary 3.13. If (X, ¢) is an N-ideal of X, then every non-
empty open (¢,t) —cut of X is an ideal of X for all
t € [-1,0).

Proof. Straightforward.

Proposition 3.14. Let (X, ¢) is an N-ideal of X. If X satisfies
the following assertion: (Vx,y,z € X)(x *y < z)then
o(x) <max{py),¢(z)}forallx,y,z € X.

Proof. Assume that (Vx,y,z € X)(x * y < z) is valid in X.
Then

@Cx +y) < max{p((x *y) *z), p(2)} =

max{p(0), p(z)} = ¢(z) for all x,y,z € X. It follows that
@(x) < max {p(x * y), p(¥)} < max {p(y), p(2)} for all
x,y,z € X. This completes the proof.

Theorem 3.15. For any BCIK-algebra X, every N-ideal is an
N-sub algebra.

Proof. Let (X, ¢) be an N-ideal of a BCIK-algebra X and let
x,y €X. Then ¢(x*y)<max{p((x*y)*x))px)}=
max {p((x * x) * y), 9(x)} = max {p(6 * ), p(x)} =

max {¢(0), p(x)} < max {¢p(x), p(¥)}. Therefore (X, ) is
an N-sub algebra of X.

The converse of Theorem 3.15. may not be true in general
as seen in the following example.

Example 3.16. Consider a BCIK-algebra X = {6, 1,2,3,4}
with the following Cayley table:

*x 101112134
610|6|6|6]|6
1(1(6]6|6]|86
2|12(1]6]1]|86
313(3[3|68]|86
4141414386

Define an N-function ¢ on X by

X[ 0 1 2 3 4
¢ |-08]-08]-02]-0.7]-04

Then (X, ¢) is an N-sub algebra of X. But it is not an N-
ideal of X since @(2) =-0.2> —0.7 = max {@(2 *
3),9(3)}.

The following example show that Theorem 3.15. is not
valid in a BCIK-algebra X, that is, if X is a BCIK-algebra then
an N-ideal (X, ¢) may not be an N-sub algebra for some N-
function ¢ on X.

Example 3.17. Consider  the  N-ideal.  Take
x=(0,0)andy = (6,1).Thenz:=x+y = (0,0) = (0,1) =
(0,-1) and o)
e xy)=¢(z) =0>t=max{p(x),p(y)}. Therefore
(X, @) is not an N-sub algebra of X. For any element w of X,
we consider the set X, :={x€X|pkx)<qoWw)}
Obviously, w € X,,, and so X,, is a non-empty subset of X.

Theorem 3.18. Let w be an element of X. If (X, ¢) is an N-
ideal of X, then the set X, is an ideal of X.

Proof. Obviously, 6 € X,,. Let x,y € X be such that
x*y €X,andy € X,,. Then p(x*y) < p(w)and ¢(y) <
@(w). Since (X,¢) is an N-ideal of X, it follows that

o(x) <max{p(x *y),p(¥)} < @(Ww) so that x€JX,,.
Hence X,, is an ideal of X.

Theorem 3.19. Let w be an element of X and let (X, ¢) be

an N-structure of X and ¢. Then

1. IfX,, is anideal of X, then (X, ¢) satisfies the following
assertion: (Vx,y,z € X)(p(x) = max{p(y *

z),9(2)} = ¢(x) = ().
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2. If (X, p) satisfies ¢(0) < ¢(x) for all x € X, then X,, is
an ideal of X.

Proof. (i) Assume that X,,is an ideal of X for each w € X.
Let x,y,z € X be such that ¢(x) = max{p(y * 2), p(2)}.
Then y xz € X, and z € X,.. Since X, is an ideal of X, it
follows thaty € X,, thatis, (y) < @(x).

(ii)Suppose that (X, ¢) satisfies ¢ (8) < ¢(x) for all x € X.
Foreachw € X, letx,y € X be such thatx,y € X, and y €
X,- Then @(x *y) < p(w)and ¢(y) < @(w), which imply
that max {¢(x * y), p(y)} < ¢(w). We have p(w) = ¢(x)
and so x € X,,. Obviously 6 € X,,. Therefore X, is an ideal
of X.

Definition 3.20. Let X be a BCIK-algebra. An N-ideal (X, ¢)
is said to be closed if it also an N-sub algebra of X.

Example 3.21. Let X = {6, 1, a, b, c} be a BCIK-algebra with
the following Cayley table:

0

T O|D |V >

O[T | D *
O |T|Y |=|D

O | > DD~
Dlv [T |o |0

b
b
b
C
0
a
Let ¢ be an N-function on X define by

X 6 1 a b c
¢ |-09]-07]-06]-02]-02

Then (X, @) is a closed N-ideal of X.

Theorem 3.22. Let X be a BCIK-algebra and let ¢ be
defined by

_(tifxeX,,
o) = {tz otherwise
and X; = {x € X|0 < x}. Then (X, ¢) is a closed N-ideal of
X.

where t;,t, € [-1,0) with t; <&,

Proof. Since 6 € X,, we have ¢(0) =t; < ¢(x) for all
x€X. Letx,yeX. If x€X, then o¢k)=t <
max {(@(x *y),p(y)}. Assume that x € X,. If xxy € X,
then y ¢ X,; and if y € X, then x * y & X,. In either case,

we get @(x)=t, =max{p(x*y), o)} For every
x,y € X, if any one of x and y does not belong to X, then

px*y)<t,=max{pkx), o)} If xy€X, then
x+y€X, and so @(xx*y)=1t =max{p() ()}
Therefore (X, ¢) is a closed N-ideal of X.

Definition 3.23. Let be a BCIK-algebra. If an N-function ¢
on X satisfies the following condition: (Vx € X)((p(G *
x0 < <p(x)), then we say that @-negative function.

Proposition 3.24. Let X be a BCIK-algebra. If (X, ¢) is a
closed N-ideal of X, then ¢ is a 8 —negative function.

Proof. For any x €X, we have
(0 * x) < max{p(0), (x)} < max{p(x), p(x)} = p(x).

Therefore ¢ is a 6 —negative function.
We provide a condition for an N-ideal to be closed.

Proposition 3.25. Let X be a BCIK-algebra. If (X, ¢)is an N-
ideal of X in which ¢ is a & —negative, then (X, ¢) is an N-
sub algebra of X.

Proof. Note that (x *y)*x <68y for all x,y € X, the
0 —negativity of ¢, we have ¢(x * y) < max {p(x), p(0 *

¥)} < max {¢(x),(y)}. Therefore (X,¢) is an N-sub
algebra of X.

Definition 3.26. Let X be a BCIK-algebra. By a Commutative
ideal of X based on ¢ (briefly, commutative N-ideal of X),
we mean an N-structure (X, @) in which ¢ satisfies and

(Vx,y,z € X)((p(x * (y Kx)) < max{<p((x * ) * z), (p(z)}).

Example 3.27. Consider a BCIK-algebra X = {6, a, b, c}. Let
@ be define by

X 0 A b c
@ |-06]|-04]-03]-03

Routine calculations give that (X, ¢) is a commutative N-
ideal of X.

Theorem 3.28. Every commutative N-ideal of a BCIK-
algebra X is an N-ideal of X.

Proof. Let (X, @) be a commutative N-ideal of X. For any
x,y,z € X, we have ¢(x) = ¢(x * (A x)) Smax{qo((x *
9) * Z),(p(z)} = max {¢(x * 2), (z)}. Hence (X, ¢) is an N-
ideal of X.

The following example shows that the converse of
Theorem 3.28. is not valid.

Example 3.29. Consider a BCIK-algebra X = {6, 1,2,3,4}
with the following Cayley table:

61

DWW (R [(D]*
BWIN (=D
B IWIN (DD
BIW D= (DN
WD DD [([D|W
DD DD (D>

Let ¢ be define by

X| 6 1 2 3 4
¢ |-07]-06|-04]-04]-04

Then (X, @) is an N-ideal of X. But it is not a commutative
N-ideal of X since ¢(2 * (37\)2)) =-04 > - 07 =
max {(p((Z * 3) * 6) ~p(6)}

Theorem 3.30. If (X, ¢) is an N-ideal of a commutative
BCIK-algebra X, then it is a commutative N-ideal of X.

Proof. Assume that (X, ¢) is an N-ideal of a commutative
BCIK-algebra X, we have

((cx @A) * (G xy) *2))
= (e GAX) *2) * (x +y) % 2)

<(xx @A) (exy)
=@AY)x(yAx) =0

And  so ((x * (y A x)) * ((x *Y) * z)) xz=40, le,
((x* YAx)) * (x*y)*z) < z for all x,y,z € X. Since
(X, ¢) is an N-ideal, then ¢ (x * (yAx)) < max {p((x *y) *
z), ¢(2)}. Hence (X, ¢) is a commutative N-ideal of X.

Theorem 3.31. Let (X,¢) be an N-structure of a BCIK-
algebra X and ¢. Then (X, ¢) is a commutative N-ideal of X
if and only if it satisfies (Vt € [-1,0))(C(p;t) # =
C(¢; t) is a commutative ideal of X).

Proof. Assume that (X, ¢) is a commutative N-ideal of X.
Then (X, @) is an N-ideal of X and so every non-empty
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closed (¢, t)-cut C(@;t) of @ is an ideal of X. Let x,y,z € X
be such that (x xy)*z € C(p;t)and z € C(p;t). Then
o((x*y)*z) < tand p(z) < t. It follows that

@(x * (yAx)) < max {(p((x * ) * Z) ~p(z)}<t. So that
x * (yA\x) € C(¢; t).Hence C(¢;t) is a commutative ideal
of X.

Conversely, suppose that the condition
(Vt € [-1,0)(C(p;t) # @ = C(p;t) is a commutative
ideal of X) is valid. Obviously ¢(8) < ¢(x) for all x € X.
Let p((x xy) *z) = t; and ¢(z) = ¢, for x,y,z € X . Then
(xxy)+xz € C(p;t;) and z € C(p;t,). Without loss of
generality, we may assume that t; > t,. Then C(p;t,) S
C(p;t;) and so ze€C(p;ty). Since C(p;t;) is a
commutative ideal of X by hypothesis, we have
x*(yAx) €EC(p;ty), and so @(xx(YAx)) <t =
max{ty, t,} = max {¢((x * ) * z), p(2)}. Therefore (X, )
is a Ocommutative N-ideal of X.

Corollary 3.32. If (X,¢) is a commutative N-ideal of a
BCIK-algebra X, then every non-empty open (¢, t)-cut of X
is a commutative ideal of X for all t € [—1,0).

Proof. Straightforward.

4. Prime ideals in BCIK-algebras

In this section.[3] S. Rethina Kumar introduce the concept
of prime ideals in BCIK-algebras and we prove that this
concept and the last definition of prime ideal in a lower
BCIK-semi lattices are equivalent. Then we generalize
some useful theorems about prime ideals on BCIK-
algebras. Finally we discuss some relations between BCIK-
part and prime ideals in BCIK-algebras.

Throughout this section, X is a BCIK-algebra, B is BCIK-
part of X and p is p-semi simple part of X unless otherwise
stated.

Definition 4.1. A proper ideal I of BCIK-algebra X is called
prime if ANB €[ implies A €[ or B €[ for all ideals A
and B of X.

Example 4.2. Let “-“ be the subtraction of integers. Then
X ={Z,—,0} is a BCIK-algebra. Clearly, M; = N U {0} and
M, = {—n|n € N} U {0} are two maximal ideal of X. Let
INJCS N, If I £ Nand] € Nthen there exist m,n €N
such that —n€land —me€J. So we conclude that
—-mne€lnjJ S NuU{0}, which is impossible. Hence
N U {0} is a prime ideal of X. By the similar way, M, is a
prime ideal of X.

Theorem 4.3. (i) Let I be an ideal of X. Then I is a prime
ideal of X if and only if (x) N (y) €1 implies x € [ory €
I,forany x,y € X.

(ii) If X is a lower BCIK-semi lattice, then are equivalent.

Proof. (i) Let I be an ideal of X such that (x) N (y) €I
implies x € [ or y € I.1f A and are two ideal of X, such that
ideals of X such that A N B € I, then there is no having in
assuming A & I. Hence there exists a € A such that a & I.
For any b € B. Since (a)N(b) SANB S 1I and a ¢ I, the
primeness of I implies b € I. Therefore B € I. Conversely,
let I be a ideal of X. Clearly, (x)n(y) €1 implies
x€lorye€l foranyx,y € X.

(ii) Since x Ny = x Ay for any x, y € X so are equivalent.

Clearly any prime ideal of X is an irreducible ideal.
Moreover, if {0} is an irreducible ideal of X, then {0} is a
prime ideal.

Definition 4.4. A nonempty subset F of X is called a finite
N —structure, if (xNy)NF # @, for all x,y € F, and X is
called a finite N —structure if X\{0} is a finite N —structure.

Proposition 4.5. Let Y be a BCIK-algebra and f:X — Y be

an onto BCIK-homomorphism. Then the following

assertions hold:

1. Anideal I of X is prime if and only if F=X-I is a finite
N —structure.

2. Let I be a closed ideal of X and ] be an ideal of X
containing I. If | is a prime ideal of X, then J/I is a
prime ideal of X/I.

3. LetI be a prime ideal of x and ker € I. Then f(I) is a
prime ideal of Y.

4. Let ID(X) be the set of all ideals of X, then ID(X) is a
chain if and only if every proper ideal of X is prime.

Proof. (i) Let I be a prime ideal of X and x,y € F. If
(x Nny)NF = @, then (xT7y) € I. Since I is a prime ideal of
X, we have x € [ or y € I, which is impossible. Hence
(x Nny) N F # @. Conversely, Let F be a finite N —structure
and x,y € X such that X)n(y)cSI. If x¢landy &1,
then x,y €F and so (xNny)NF # @. Hence, xNy &I,
which is impossible. Therefore, x €l or y €1, thenlis a
prime of X.

(ii) Let ] be a prime ideal of X, J/I is an ideal of X/I. Let A
and B be two ideals of X/I such that,x N B € J/I. There are
two ideals E and F of X such that A=E/I and B=F/I. Then
(EnNF)/I=E/(InF)/I=AnBc]/I Therefore,
ENFC] and so ESJorF<J. Hence E/I <]/l orF /
I €] /1. Thus]/lis a prime ideal of X/I.

(iii)Since ker(f) is a closed ideal of X, then x/ker(f) =
Yand I / ker (f) is a prime ideal of X / ker f. Moreover,
f(1) = 1/ker(f). Hence f(I) is a prime ideal of Y.

(iv)Let ID(X) be a chain and I be a proper ideal of X. Clearly
anb < Iimpliesa € [ or b € I. Hence I is a prime ideal of
X. Conversely, let any proper ideal of X be prime. Let [ and
] be two ideals of X. Since I NJ is a proper of X, then

IcinjorjcSinjandsol S Jor] c 1. Therefore,
ID(X) is a chain.
Corollary 4.6. Let x€ X —{0}, such that xx*y=

x, for all y € X — {x}. Then there exists a prime ideal Q of
X, such that x & Q.

Proof. Let Q =X —{x}. Then 0 € Q. If a*b,b € Q, then
a# x and so a € Q. Hence Q is an ideal of X. Clearly X-Q is a
finite N —structure. Q is a prime ideal of X. Therefore,
there exists a prime ideal Q of X such thatx ¢ Q .

Example 4.7. Let X —{0,1,2,a}. Define the binary
operation * — on X by the following table:

Table 1
* | 0]|1]|2]a
0/0|0]|0]a
1/1(0|0|a
212]1]0]a
A|A|A]a|0
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It is easy to prove that (X,*,0) is a BCIK-algebra. Since
ax*y=a,foranyy € X —{a}, then Q=X—-{a} is a
prime ideal of X, such thata ¢ Q.

Proposition 4.8. Let be an ideal of X.
1. If 1 is a prime ideal of X then
I/1,is a prime ideal of X / I,.

2. If I is a closed prime ideal of X, then I, isa closed
prime ideal of X / I.

3. Ifl,isaprimeideal of X/I and I € B, then 1 is a prime
ideal of X.

Proof. (i) Since I, is a closed ideal of X, then I /I,is an ideal
of X /1, Let A" and B'be two ideals of X /I, such that
A'nB' <1 /1, Then, there are ideals A and B of X
containing I, such that A=A /I, andB' =B /I, and so
(AnB)/I,=A'nB"'c1/1,, Hence ANBC lanssoAC
lorB< I and so B' <1/ 1,. Therefore, I /I, is a prime
ideal of X / I,.

(i))If T is closed, then I =1, and so X/I =X/I, and
/1, =1,

(iii)Let I € B and I, be a prime ideal of X /I andx Ny S I
for some x,y € X. If I, €, NI, There exist n,mé€
N such that I, * (I,)" = I, and I, * (I,)™ = I,and so *on
X/Twe getlyn =11, * Iyn = I, and L.y = I, * [,m = I, it
follows that uxx"€landuxy™ €landsoux*x™ =
a.uxy™ =>b. For some a,b €l. Since I S B then we
obtained (uxa)*bexnyandso (uxa)*b €l
Moreover, I is an ideal and a,b € I. Hence u,0*u €
Iand so I, = Iy. Thus I, N I,, € I,. Since [, is a prime ideal
of X/I, then we have I, =, or I, =l andsox €l ory €
I.Hence lis aideal of X.

By definition of prime and irreducible ideal, any prime
ideal is an irreducible ideal in any BCIK-algebra. But the
converse is false. In next example, we will show that there
exists an irreducible ideal which is not prime.

Example 4.9. (i) Let X={0,ab,c}. Define the binary
operation a * x on X by the following table:

Table 2
* | 0la|b]|c
0|0jJa|b|c
A|A|O0O|c|Db
B|B|c|0]|a
C|C|b|la|o0

Then (x,*,0) is a BCIK-algebra and {{0},{0,a},{0,b} and
{o,c}} is the set of all proper ideals of X. Clearly, {0,a},{0,b}
and {0,c} are irreducible of X. We have {0,a} n {0,b} C
{0, c}. Hence {0,c} is not a prime ideal of X. By similar way,
{0}, {0,a}, {0,b} are not prime ideal of X. Therefore, X has
not any prime ideal.

(iij)Let (X,*,0) be the BCIK-algebra . thenl={0,a} is an
irreducible ideal of X. Now, we have b,c € X — I and b n
c={0,b}n{0,c} ={0} and so (b NcnN (X—I)) = Q.
Therefore, X-1 is not a finiteiN-structure.

(iii)Let X={0,1,a,b,c}. Define the
a * u on X by the following table:

binary operation

Table 3
*I0|1]a|b|c
0|0|0|a|b|c
1{1|0|a|b|c
a|lA|A|O0]|c|b
c|B|B|lc|O0fc
c|C|C|b|a|0

Then X,x,0) is a BCIK-algebra and
{{0},{0,1a},{0,1,b},{0,1,c}} is the set of all proper ideals of X
and {0,1,b} n {0,1,c} € {0,1,a} and so I = {0,1,a} is not a
prime ideal of X. But, {{I,}, {I,, I,}} is the set of all ideals of
X/1. Therefore, is not true in general.

Theorem 4.10. Let A be an ideal of X such that A € B. Then
InJjc Aifandonlyif (AUI) N (AU]J) = A, for any ideals
Iand ] of X.

Proof. Let (AUI)N(AU]J)=A. Since I nJ € A. Clearly,
AC(AuDnNn(Au])).Letue (AUul)n(AU]J). Since A is
an ideal of X, then we get ((.... (u * x1) * ...) * x;;) € 4, foe
some n € N and x4, ...x, € I. It follows that, there exists
my € 4, such that ((..(u*x;)*..)*x,) € my. By the
similar way, we have ((....(u * Y1) * ) * ym) € m,, for
some m € N, y,;,...y, €] and m, € A. Hence by, we get
(((....(u * M) * ...) * xn)) x % — ((e (U Hxq) % .00) %

X,)) *my — 0. Since | is an ideal of X and x4, ... x,, € I, then
u *m, € J. Since my,m, €B, we conclude that(u * m,) *
m, < uxmpand (u*my) *xm, < u*m,, and so (u *
my)*m,; €I NJ < A Hence m€A and so (AUB)(AU
J) € A.Therefore, AUI) N (AV])) = A.

Example 4.11. Let (X,*,0) be the BCIK-algebra. Then
I ={0,a},] —{0,b}and K — {0,c} are three ideals of X
andJNK S 1,but (I UJ)—X — (I UK). Hence, if A is not
contained in B then may not true, in general.

Remark 4.12. We know that, if M is a maximal ideal of
lower BCIK-semi lattice X, then M is a prime ideal, then
any maximal ideal is a prime ideal in any BCIK-algebra.

Theorem 4.13. If M is a maximal ideal of BCIK-algebra X,
then M is a prime ideal of X.

Proof. Let x Ny € M, for somex,y EX.If x¢ Mandy ¢
M,then MU {x} = Xand MU {y} = X and so (M U {x}) n
(M U {y}) = X. Now, x Ny ¢ M, which is impossible, then
M is a prime ideal of X.

Example 4.14. Let X be the BCIK- algebra. Clearly,
M — {0,b} is a maximal ideal of X. Since{0,a} N {0,c} =
{0} € M.{0,a} £ Mand {0,c} € M, then M is not a prime
ideal of X. It has been known, if X is a lower BCIK-semi
lattices and A is an ideal of X such that AN F — @, where F
is A —closed subset of X. Then there is a prime ideal Q of X
such that A € Q and Q N F = @. I generalize this theorem
for BCIK-algebra.

Theorem 4.15. Let X be a BCIK-algebra and F be a
nonempty subset of X such that F is closed under “o"

where x o y: = x x (x x y), for any x,y € F. If A is an ideal
of X such that A N F — @, then there exist a prime ideal Q of

Xsuchthat A Qand QNF = Q.

Proof. Let S = {I|Il < X,A S I and F NI = @}. Then S with
respect to the inclusion relation “© " forms a poset.
Clearly, every chain on S has an upper bound (unionof its
elements). Hence, S has a maximal element , say Q.
Obviously, Q is an ideal of X such that P N A = @. we claim
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that Q is a prime ideal, otherwise there are I,] of X, such
that INnJ S Q,I £ Qand] € Q. By maximality of Q we
have(QUID NF #=@and (QNJ)NF # Q. Let
a€(QUDUFandbe(QUJ)NF. Since (aeh)*b =0,
we have aob € ((Q uhn(Q U])). On the other hand
abeE Fand Fis o —closed and so aobh€F. Hence
aecbe((QUIN(QUJ)NF.Comparison of last relation
with QNF=0givesQ = (QUI)N(QUJ). Hence
I NnJ & Q. Therefore, Q is a prime ideal.

Corollary 4.17. Let X be a BCIK-algebra. Then the following

assertions hold:

1. For any x € X{0}, there exists a prime ideals Q such
thatx ¢ P.

2. Nn{Q}|Q is a prime ideal of x} — {0}.

3. Any proper ideal A of X can be expressed as the
intersection of all prime ideals of X containing A.

4. Let Y be a BCIK-algebra and f:X — Y be a BCIK-
homomorphism, such that f(X) is an ideal of Y. If [ is a
prime ideal of Y and f~1(I) # X, then f~1(I) is a
prime ideal of X.

Proof. (i) Let x € X{0}. Then we set A = {0} and F = {x}.
Clearly, F is c —closed and A N F = @. Hence, there exists a
prime ideal Q such that Q is not contain x.

(ii) The proof is straightforward.

(iii)Let a € (X — A) and F={a}. Then (BCIK), x * (x * y) €
F, for all x,y € F. There exists a prime ideal
Q. of Xsuchthata¢ Q, and A< @,  Therefore.
A C 4ex-1Q,. On the other hand b € ;cx_40Q, forany b €
X —A.Hence 4cx_410Q, SAand so A=,cx_90,.

(iv)let xny € f1(I), for some x,y€X. If (f(x)n
(f0)) =0 then (FGINFONEL Let ue (f()n
(f(x)) —{0}. Then there exist m,n€N such that
u* f(x)" =0andu=* f(y)™ = 0. Since f(X) is an ideal of Y
and (f(x)) c f(X),(f(y)) C f(X),thenu = f(a) for
some a € X. Moreover, f is a BCIK-homomorphism and so
flaxx™) =0=f(axy™). Hence, axx™€ f~1(I) and
axy"€f (N andsoa€ (DU} D UYD.
Sincex Ny € f~1(I),thena € f~*(I) and so u = f(a) € I
Hence (f(x)) n (f(y)) c I. Now, since I is a prime ideal of
Y we have f(x) €Elor f(y) €I and so x € f~Y(I)ory €
f~1(D). Therefore f~1(I) is a prime ideal of X.

Corollary 4.18. Let A be an ideal of X generated by P. If I is
a proper ideals of X containing P, then I =n {U {4,|4, C
J}J is a prime ideal of X\A}.

Proof. Clearly, X/A is a BCIK-algebra. We have
I/A=n{J ] is a prime ideal of X/A}. Let ] be a prime ideal
of X/A. Since A=P = (PUP) =P+ P, then A is a closed
ideal of X and so | = F;/A, where F; =U{A,|A, € J}.
Therefore, I/AN {F]/A |] is a prime ideal of X/A} =(Nn
{F] |] is a prime ideal of X/A}) / A Now, we conclude that
I =n{F)|] is a prime ideal of X/A}.

Let X be lower BCIK-semi lattice and I be an ideal of X. If
X/1is a BCIK-chain then I is a prime ideal of X, if X has not
any prime ideal we say the intersection of all prime ideals
of Xis X.

Theorem 4.19. Let X be a BCIK-algebra and I be a prime
ideal of X.

1. IfI € B and ID(X/I) is a chain, then I is a prime ideal of
X.

2. Let M,....,M, and M be maximal ideals of X such that
T 1M; € M. Then there exists j € {1,2,....,n}, such

3. Let X be a nonzero nilpotent BCIK-algebra and
S = {Px| x€ J} be the set of prime ideals of X. Then
N«ej Pc = {0} if and only if X is sub direct product of
special family {X;};c;, such that X; is a finite N
—structure, forany i € I.

Proof. (i) Let x,y € X such that x Ny € X. Since ID(X/]) is
a chain, then I, €I, orl, €. Letl, S I, there exist
n € N such that I,ye =1, *[,a =L, * (I,)" = I, and so
x*y™ €l. Since I € B, then we have x * (x *y") Ex Ny
and so x € I. By the similar way, we get y € I, when I,, ©
I,. Therefore, 1 is a prime ideal of X.

(i) M is a prime ideal of X. Hence there exists | € {1, ....,n}
such that M; € M. Since M; is a maximal ideal of X we
obtain that M; = M.

(iii)Clearly, the map @:X - [l,e;X / Pcdefine by
@(x) = ((P)X)«e, for all x € X, is a homomorphism and
ker(¢) = [l«e; P ={0}. Thus ¢ is a one to one
homomorphism and so it is a sub direct embedding. Now,
let € J. Since X is nilpotent, then L is closed and so(Py,, is
a prime ideal of X/P. Hence X/P, —{P,} is a finite N
—structure. Conversely, Let X be sub direct product of
family {X;};e;, such thatX;is a finite N —structure for any
i € 1. Then there is an one to one BCIK-homomorphism
@:X[lje; X; such that (m; o ¢):X—X; is an onto BCIK-
homomorphism and so X/B; = X;, for any i € ], where
B; = (m; o )~ 1({0}). Let i € J. Since X; is a N —structure,
then X/B; is finite N —structure, B; is a prime ideal of X.
Clearly [];¢; B; = ker(¢) = {0}. Therefore, the intersection
of all prime ideals of x is {0}.

Corollary 4.20. Every non zero BCIK-algebra is sub direct
product of a family of finite N —structure BCIK-algebra.

Example 4.21. Let X={0,1,2,a,b}. Define the binary
operation a * u on X by the following table:

Table 4
*I0|1|2|a|B
0|]0|0|0|b]|A
1/{1[0[1|b|A
212|2|0|b|A
A|lA|A|a|O0|B
B|B|B|b|a]|O0

Then(X,*,0) is a BCIK-algebra. Let [ = {0,1}. Then I € B
and {{I,},{ly, L}, X/I} is the set of all ideals of X/I.
Therefore, the set of ideals of X/I is a chain, we conclude
that I is a prime ideal of X.

Note 4.22. Let X be a p-semi simple BCIK-algebra. Then
(X, ,0) is an Abelian group, where x - y = x * (0 * y) for all
X,y € X. Moreover, any closed ideal of X is a subgroup of
(X,-,0).

Theorem 4.23. Let X be an associative BCIK-algebra and I

be an ideal of X.

1. If there exist distinct element x,y of X such that
x,y € J. Then I is not a prime ideal.
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2. If X is of order n>2, then there is not any prime ideal
onX.

Proof. (i) Since X is an associative BCIK-algebra, we have
x = {x,0}and y = {0,y}and so x Ny = 0. Therefore, I is
not a prime ideal of X.

(ii)Let I be a proper ideal of X. Since X is finite, then I is a
closed ideal. Hence I is a subgroup of (X,-,0) and so there
exists I€ N — {1} such that n=I|I|, where |I| is the number
of elements of 1. Hence |I|< n — 2. Now I is not a prime
ideal of X and so X has not any prime ideals.

Theorem 4.24. Let M be a maximal ideal of X containing P.
If I=P, then M/I is a prime ideal of X/I.

Proof. Since, I=P=PUP=P+P. then I is a closed ideal of X.
Since P € M, we have I € M and so M/I is a maximal ideal
of X/I is a maximal ideal of X/I is a BCIK-algebra. Hence
M/l is a prime ideal of X/I.

Example 4.25. Let X={0,1,a,b}. Define the " * " on X by

Table 5
*I'0|1|a|B
0|]0|0]a]|A
1{1]0|b|A
AlAla|0]|O0
B|B|A[1]|O0

Clearly,(X,*,0) is a BCIK-algebra and {{0},{0,a},{0,1}} is the
set of all proper ideals of X. Hence M={0,a} is a maximal
ideal of X. It is obvious that P={0,a} is the p-semi simple
part of X. M/I is a prime ideal of X/I, where I=P.

Lemma 3.16. Let X be a nilpotent BCIK-algebra. Then for
any b € B\ {0}, there exists a prime ideal Q such that
b ¢ Q.

Proof. Let b € B \ {0}, there exists a prime ideal I of B such
that b € I . Let P be p-semi simple part of X. we claim that
b &1+ P .Otherwise b € I + P. There exist a,,....,a, €]
such that (..(b*a;)*..)*a, €P. Since B is a closed
ideal of X we have (...(b * a;) * ...) * a,, € B. Hence(... (b *
a,) *..) *a, € BN P ={0}. Therefore, (...(b*a,) *..) *
a, = 0 € I. Since I is an ideal of X containing a4, ..., a,, we
conclude that b € I, which is a contradiction. Hence
b & I + P. It remains to show that I+P is a prime ideal of X.
Let ] and K be two ideals of X such that J UK € I + P. Then
JnB)Nn(KNnB)=(JNK)YnBc (I+P)nB. Now we
show that (I+P)nB =1. Clearly, 1€ (I +P)NB. Let
x € (I + P) N B. Then there exist ay,...,a, €I such that
(..(x*ay)*..)*a, € P. Since x.a,,..,a, € B we have
(w.(x*xa;)*..)*a, EPNB ={0}. Moreover, Since
ay,..,a, €1 we obtain x €l. Hence (I+P)NB CI.
Therefore (I+P)NB =1 we have (JNB)N(KNB) <.
Since I is a prime ideal of Bwe have JNB S lor KNB C
I. Assume that J N B € I. Since x * (0 * (0 xx)) € B and X
is nilpotent , x*(O*(O*x)) EBNjand 0+ (0*x) €P
for all x € J. Since J N B € I we have x € [ + P. Therefore,
J €1+ P, IfKnB c I, then by the similar way, we obtain
K <1+ P, weobtain] S+ PorK <1+ P.Hence [+P is
a prime ideal of X.

Corollary 4.27. If X is a nilpotent BCIK-algebra such that
B+ {0}, then X has a prime ideal.

Theorem 4.28. Let X be a nilpotent BCIK-algebra.
1. For any x € X — P, there exists a prime ideal Q of X,
such thatx ¢ Q.

2. n{Q|Q is aprime ideal of X} < P.

Proof. (i) Let x € X — P. Then BCIK-algebra we conclude
that x = (0% (0 xx)) € B — {0}. Hence, there is a prime
ideal Q of X such that x* (0= (0*x)) € Q. Therefore,
x € Q. Since if x € Q, then by BCIK-algebra we get
X * (0*(0*x))*x= 0+ x € Q (since Q is closed) and so
X * (0 * (0 * x)) € Q, Which is impossible.

(ii)It is straight consequent of (i).

5. Translations of N-sub algebras and N-ideals.

For any N-function ¢ on X, we denote Ll:=-1-—
inf{p(x)|[x € X}. For any «e[L,0], we define
@ (x) = @(x) + a« for all x € X. Obviously, ¢,T is a
mapping from X to [-1,0] thatis, ¢,T is an N-function on X.
we say that (X,¢, ) is an « —translation of (X, ¢).

Theorem 5.1. For every «€ [Ll,0], the o —translation
(X,,T) of an N-sub algebra (resp. N-ideal) (X, ¢) is an N-
sub algebra (resp. N-ideal) of X.

Proof. For any x,y € X, we have

P’ (x*y) = @(x *y) + a < max{p(x), (N} + a
max{p(x) + a, p(y) + a} = max {p," (x), 9" ()}.
Therefore (X,¢,7) is an N-sub algebra of X. Let x,y € X.
Then ¢,7(8) = (0) + a < p(x) + a = ¢,7(x), and

Po" (x) = () +x< max{p(x *¥), (N} + @

=max{p(x * y) + a,¢(y) + a} = max {p, " (x
¥) 0o N}

Hence (X,¢,7) is an N-ideal of X.

Theorem 5.2. If there exists «€ [L,0] such that the
—translation (X,¢,") of (X, @) is an N-sub algebra (resp. N-
ideal) of X, then (X, ¢) is an N-sub algebra (resp. N-ideal)
of X.

Proof. Assume that (X,¢,7) is an N-sub algebra (resp. N-
ideal) of X for some «x€ [L1,0]. Let x,y € X. Then

px*y) +a =" (x*y) <max {p," (), p." )}

= max{p(x) + @, ¢(¥) + a} = max{e(x), o)} + a
Which  implies that ¢@(x*y) < max {@(x),e(y)}
Therefore (X, @) is an N-sub algebra of X. Now suppose
that there existsx€ [L ,0]such that (X,@,7) is an N-ideal of

X. Let x,y€X. Then ¢@)+a=¢,(0)<¢, (x)=
@(x) + a,and so ¢(0) < @(x).Finally,

p(x) +a =@, (x) <max (p," (x*¥),0," )}
= max{p(x *y) + @, ¢(y) + a} = max{p(x *y),p(y¥)} +
aﬁ

Which implies that ¢(x) < max{p(x *y), ¢(y)}. Thus
(X, @) is an N-ideal of X.

For any N-function ¢ on X, x€ [L,0] and t € [—1, %), let
Lo (@;t) = {x € X|p(x) < t—oc}.

Proposition 5.3. Let (X, ¢) be an N-structure of X and ¢,
and let «€ [L,0]. If (X, ¢) is an N-sub algebra (resp. N-
ideal) of X, then L. (¢;t) is a sub algebra (resp. ideal) of X
forallt € [-1, x).

Proof. Assume that (X, @) is an N-sub algebra of X. Let
X, Y € Le(@;t). Then ¢(x) < t—x and ¢(y) < t—o« Thus
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@(x *y) < max{p(x),p(y)}, and hence x € L. (¢p;t).
Clearly 6 € L (¢;t). Therefore L (¢;t) is an ideal of X.

If we do not give a condition that (X,¢) is an N-sub
algebra (resp. N-ideal) of X then L. (¢; t) may not be a sub
algebra (resp. ideal) of X as seen in the following example.

Example 5.4. Consider a BCIK-algebra X = {6,a,b,c,d}
with the following Cayley table:

* |0 |la|b|c|d
06|6|060|6|6|6
alal|B|0|0]|86
bla|la|68|0]|80
c|lclalal|B8 |8
dld|c|c|a]|B

Define an N-function ¢ on X by
X 0 a b c d
¢ | —0.7 | -04] -0.6 | —0.3 | —0.5

Then L= —0.3 and (X, ) is not an N-sub algebra of X
because

@(d*b) =¢@(c) =—-03>—-0.5=max {p(d), p(b)} For
= —0.1 € [-0.3,0] and t = —0.5, we obtain L,(¢;t) =
{6,a,b,d} which is not a sub algebra of X since
d*b=c¢&L.(p;t).

Example 5.5. Consider a BCIK-algebra X = {0, a,b,c,d}
with the following Cayley table:

* |0 |la|b|c|d
610 |d|c|b|a
ala|f8|d|c|b
b|b|la|6|d]c
clc|bla|0|d
d|d|c|b|a)|f

Define an N-function ¢ on X by
X 0 a b c d
¢ | —-06]|-05]-06]|-03]-02

Then 1= —0.4 and (X,¢) is not an N-ideal of X since
¢(d) =—-0.2 > —0.6 = max {p(d * b), p(b)} For
o= —0.15 € [1L ,0] and t = —0.5 we have Ly (p;t) =
{0,a,b} which is not an ideal of X since c*xb=ac€
L« (@;t) and c& Lo (¢; t).

Theorem 5.6. Let (X, @) be an N-structure and «e€ [L ,0].
Then the « —translation (X, @,") of (X,¢) is an N-sub
algebra (resp. N-ideal) of X if and only if L, (¢;t) is a sub
algebra (resp. ideal) of X for all t € [—1, «].

Proof. Assume that (X, ¢,7) is an N-sub algebra of X. Let
X, Y € Le(@; ). Then ¢ (x) < t—x and ¢(y) < t—. Hence

p(x*xy)+a =@, (x*y) =max (¢,” (%), 9, (¥))
= max{p(x) + a,¢(y) + a} = max{p(x),p(Y)} + a
<t—-X +x=t

And so @(x*y) <t—x ie, x*y € L.(p;t). Therefore
L. (¢; t) is a sub algebra of X. Suppose that L (¢; t)is a sub
algebra of X for all t € [—1, x]. We claim that ¢,T(x x y) =
max (¢, 7 (x), 9,7 (¥)) for all x,y € X. If it is not valid, then
0o (a*b) > s =>max (¢, (), p," (b)) for some a,b € X
and s€[-1,«]. It follows that ¢(a) <s—« and
@(b) < s—«x, but ¢(a *b) > s—. Thus a € Ly (¢;s) and
b € Li(p;s), but a*b & L.(p;s) . This is a contradiction
and therefore (X, ¢,7) is an N-sub algebra of X, suppose
that (X, ¢,7) is an N-ideal of X. Let t € [—1,«]. For any
x € Lo (p;t), we prove @(0) < ¢@(x) <t—ox and thus

6 € Ly(p;t) Let x,y € X be such that x,y € L, (p;t) and
Y € Ly (@p;t). Then ¢p(x xy) < t—x and ¢(y) < t—«, ie,
0o (x*y) <t and ¢, <t. It follows that @(x)+a =
Pa" (x) < max{e,” (x * ), 0," (¥)} < t so that p(x) <
t—, i.e., x € Ly(p;t). Hence L. (¢;t) is an ideal of X.
Finally assume that L.(@;t) is an ideal of X for all
t € [—1, x]. We claim that

1. @,7(0) < @, (x) forall x € X.

2. 9,7 (x) < max{p,"(x*y), 0, ()} forall x,y € X.

If (i) is not valid, then ¢,7(8) > s, = ¢,"(a) for some
a € X and s, € [-1,«]. Thus ¢(a) + a = ¢, (a) < s,, i.e.,
p(a) < sp—%, and @) +a = @,T(68) > sy, i.e.,p(0) >
so—. Therefore a € L (p; sy), but 8 & L. (¢;s,), which is
a contradiction. If (ii) is not true, then

0T (a) > s; = max {@,"(a *b),p,T(b)} for some a,b € X
and s, €[-1,«]. It follows that ¢@(a*b)+a=
0T (@*b) < s, ) +a=¢, (b) <sjand p(a) + a =
.7 (a) > s; sothata * b € L (¢;s;) and b€ L, (¢;s;), but
a€ Lo (p; s1). This is a contradiction.
Consequently(X, ¢,7)is an N-ideal of X.

For any N-functions ¢ and w, we say that (X,w) is a
retrenchment of (X, ¢) if w(x) < @(x) forall x € X.

Definition 5.7. Let ¢ and w be N-functions on X. We say
that (X, w) is a relrenched N-sub algebra (resp. relrenched
N-ideal) of (X, ¢) if the following assertions are valid:

1. (X, w)isaretrenchment of (X, ¢).

2. If(X,) is an N-sub algebra (resp. N-ideal) of X, then
(X, w) is an N-sub algebra (resp. N-ideal) of X.

Theorem 5.8. Let (X,¢) be an N-sub algebra (resp. N-
ideal) of X. For everyxe [L ,0], the & —translation (X, ¢,)
and (X, ¢) is a retrenched N-sub algebra (resp. retrenched
N-ideal) of (X, ¢) .

Proof. Obviously, (X, ¢,T) is a retrenchment of (X, ¢). We
conclude that (X, ¢,7) is a retrenched N-sub algebra (resp.
retrenched n-ideal) of (X, ¢).

The converse of Theorem 5.8. is not true as seen in the
following example.

Example 5.9. Consider a BCIK-algebra
X ={0,a, b, c,d} with the following Cayley table:

* |6 |la|b|c|d
616|106 |0|60]|86
alal|f8|a|6 |0
b|b|b|6O|b|6
clclalc|8]|a
dld|d|d|d|o
Define N-functions ¢;and ¢, on X by

X 0 a b c d
¢, | —-09|—-06|—-04|—-0.7]| —-0.3
¢, | —08| —-04|—-0.6| —04 | —0.1

Then (X, ¢,) is an N-sub algebra of X, and (X, ¢,) is an N-
ideal of X. Let w; and w, be N-functions on X defined by

X 6 a b c d
w; | —0.92 | —0.65 | —0.43 | —0.71 | —0.38
w, | —0.88 | —0.45 | —0.63 | —0.45 | —0.19

Then (X,w,) is a retrenched N-sub algebra of (X, ¢,),
which is not an &-translation of (X, ¢,) for <€ [L ,0]. Also,
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(X, w,) is a retrenched N-ideal of (X, ¢,), which is not an
-translation of (X, ¢,) for <€ [L ,0].
For two N-structures (X,¢,) and (X, ¢,), we define the

union ¢, U ¢, and the intersection ¢; N ¢, of ¢, and ¢, as
follows:

(Vx € X)((¢1 U 92)(x) = max{e; (x) - p,(x)}).
(vx € X)((‘P1 N @) (x) = min{e, (x) - (Pz(x)})-

Respectively, Obviously, (X, ¢, U ¢,) and (X, ¢, N ¢,) are
N-structures which are called the union and the
intersection of (X, ¢,) and (X, ¢,), respectively.

Lemma 4.10. If (X,¢,) and (X,9,) are N-sub algebra
(resp. N-ideals) of X, then the union (X, ¢, U ¢,) is an N-
sub algebra (resp. N-ideal) of X.

Proof. Straightforward.

Example 5.11. Consider a BCIK-algebra X = {6,1,2,qa,b}
with the following Cayley table:

*x |0 |1|2]|al|b
6100|060 |b|a
111|606 |1|b|a
212|12]|6|b]a
alala|a|8|b
b|b|b|b|la|b
Define N-function ¢, and ¢, on X b

X 6 1 2 a b
¢, | —-07|-02|-02|-05]|-04
@, | —09 | —-06|-0.7|—-03]| —0.3

Then (X, ¢,) is an N-sub algebra of X, and (X, ¢,) is an N-
ideal of X which is also an N-sub algebra of X. But (X, ¢,) is
not an N-ideal of X since ¢@(2) =-02>-04=
max {¢(2 *a) -p(a)}. The wunion ¢;U¢@, and the
intersection ¢, N ¢, are given by

X 0 1 2 a b
0, U, | —0.7 | 0.2 =02 | —03 | —0.3
©, N, | —09 | —0.6| —0.7 | =05 | —0.4

Then (X, ¢, U @;) is an N-sub algebra of X, but it is not an
N-ideal of X because (¢;U@,)(1)=-02>-03=
max {(¢; U @,)(1 * b). (@1 U @;)(b)}. This shows that the
union of an N-algebra and an N-ideal may not be an N-
ideal. We see that

(p1 N @)1 *xa) = (o1 N @z)(b) = —0.4 > —0.5

= max{(¢; N )(1), (p1 N @;)(a)},

And so (X, N¢,) is not an N-sub algebra of x. For
t € [-0.5,0), we have C(@; N @y;t) = {0,1,2,a} which is
not an ideal of X since b*a=a € C(p; N, t) and
b & C(p, N @,;t). Hence (X, @, N @,) is not an N-ideal of
X.

Theorem 5.12. Let (X,¢) be an N-sub algebra (resp. N-
ideal) of X. If (X,w;) and (X,w,) are retrenched N-sub
algebra (resp. retrenched N-ideals) of (X,¢), then the
union (X,w; U w,) is a retrenched N-sub algebra (resp.
retrenched N-ideal) of (X, ¢).

Proof. Clearly (X,w; U w,) is a retrenchment of (X, ).
Since (X,w,)and (X,w,) are retrenched N-sub algebras
(resp. N-ideals) of (X, ¢) , it follows that (X, w; U w;) is an
N-sub algebra (resp. N-ideal) of X. Therefore (X, w; U w,)
is a retrenched N-sub algebra (resp. retrenched N-ideal) of

x. Therefore (X, w; U w,) is a retrenched N-sub algebra
(resp. retrenched N-ideal) of (X, ¢).

Let (X, ¢) be an N-sub algebra (resp. N-ideal) of X and let
«, B € [L,0]. Then the « —translarion (X, ¢,"”) and the -
translarion (X, ¢,") are N-sub algebra (resp. N-ideal) of X.
If x< B, then ¢,"(x) = @) +a <o)+ = ¢@p"(x)
for all x € X, and hence (X,¢,”) is a retrenchment of
(X,(pBT). Therefore, we have the following theorem.

Theorem 5.13. Let (X,¢) be an N-sub algebra (resp. N-
ideal) of X and let «, 8 € [L,0]. If x< 8, then the -
translation (X, ¢,7) of (X, ) is a retrenched N-sub algebra
(resp. retrenched N-ideal) of thef-translation (X, <pBT) of

X, ¢).

For every N-sub algebra (resp. N-ideal)(X,¢) of X and
B € [L,0] the § -translation (X, (pBT) is an N-sub algebra
(resp. N-ideal) of X. If (X, w) is a retrenched N-sub algebra
9resp. retrenched N-ideal) of (X, (pﬁT), then there exists
€ [L,0] such that x< B and w(x) < ¢,"(x) forall x € X.

Theorem 5.14. Let (X, ) be an N-sub algebra (resp. N-
ideal) of X and letf € [L,0]. For every retrenched n-sub
algebra (resp. retrenched N-ideal) (X,w) of the f -
translation (X, (pBT) of (X, @), there exists «€ [L,0] such
that «< 8 and (X, w) is a retrenched N-sub algebra (resp.
retrenched N-ideal) of the ®-translation (X, ¢..7) of (X, ¢).

The following examples illustrate Theorem 5.14.

Example 5.15. Consider a BCIK-algebra X = {6,a,b,c,d}
with the following Cayley table:

*x |8 |la|b|c|d
6|l6|6|060|06]|86
alal|f8 |0 |a|a
b|b|b|O|b|b
clclclc|O]c
dld|d|d|d|6

Define an N-function ¢ on X by
X 0 a b c d
¢ | —-07]-04]-02]-05]-01

Then (X, ¢) is an N-sub algebra of X and L= —0.3. If we
take B = —0.15. then the B-translation (X, (p/gT) of (X, ) is

given by
X 0 a b c d
@’ | —0.85 | —0.55 | —0.35 | —0.65 | —0.25
Let w be an N-function on X defined by
X 0 a b c d
@g" | —0.89 | —0.57 | —0.38 | —0.66 | —0.28

Then (X,w) is clearly an N-sub algebra of X which
retrenchment of (X, (pﬁT) and so (X,w) is a retrenched N-

sub algebra of the S-translation (X, (pBT)of X, p). If we
take o= —0.23, then x= —0.23 < —0.15 = f and the -
translation(X, (pBT) of (X, ) is given as follows:

X 0 a b c d
@,7 | —0.93 | —0.63 | —0.43 | —0.73 | —0.33

Note that w(x) < ¢,” (x) for all x € X, and hence (X,w) is a
retrenched N-sub algebra of the ™-translation (X, (p/gT) of

X, ).
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Example 5.16. Consider a BCIK-algebra X = (6,1,a,b, c}
with the following Cayley table:

* |0 |1]lal|b]|c
6106 |60|c|b|a
1|11|08|c|b|a
alalalB@|c|b
b|b|b|lal|O]c
clc|lc|b|lal|b
Define an N-function ¢ on X by
X 7] 1 a b c
¢ | —0.65 | —0.53 | —0.22 | —0.38 | —0.22

Then (X,w) is an N-ideal of X and L= —0.35. If we take
B = —0.2 then the B-translation (X, (pBT) of (X, ¢) is given
by

X 0 1 a b c
¢’ | —0.85 | —0.73 | —0.42 | —0.58 | —0.42
Let w be an N-function on X defined by
X 0 1 a b c
og" | —0.87 | —0.75 | —0.45 | —0.59 | —0.45

Then (X,w) is clearly an N-ideal of X which is a
retrenchment of (X, (pﬁT), and so (X,w)is a retrenched N-
ideal of the B-translation (X, (p/gT) of (X,¢) is given as
follows:

X 0 1 a b c
@s’ | —0.86 | —0.74 | —0.43 | —0.59 | —0.43

Note that w(x) < @, (x) for all x € X, and hence (X,w) is a
retrenched N-ideal of the “-translation (X, ¢,7) of (X, ).

6. Conclusion
In [3] see that prime ideal are irreducible in any BCIK-
algebras and we verify some use full properties of ideals in

BCIK-algebra such as relation between prime ideals and
Maximal ideals.

In this paper introduce N-sub algebras and (commutative)
N-ideals, the translations of N-subalgebras and N-ideals.

In our future study some useful properties of thisa
complete ideal in extended in various algebraic structure
of B-algebras, Q-algebras, subtraction algebras, d-algebra
and so forth.
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