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ABSTRACT

In this paper we study the regularity of inside(or outside) ( ; @ )-derivations
in p-semi simple BCIK - algebra X and prove that let d g, ¢): X — X be an
inside ( 8, ¢ )-derivation of X. If there exists al] X such thatd 8, ¢eHx)* H(a) in
= 0, then d 5,¢) is regular for all x[IX. It is also show that if X is a BCIK-
algebra, then every inside(or outside) (&, ¢ )-derivation of X is regular.
Furthermore the concepts of &- ideal, ¢ -ideal and invariant inside (or
outside) ( 8, ¢ )-derivation of X are introduced and their related properties are

investigated. Finally we obtain the following result: If d( 4, ¢): X — Xis an
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outside ( &, ¢ )-derivation of X, then d( 8, ¢)isregularif and only if every ¢-

ideal of X is d¢ 8, ¢)-invariant.
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1. INTRODUCTION

This In 1966, Y. Imai and K. Iseki [1,2] defined BCK - algebra
in this notion originated from two different sources: one of
them is based on the set theory the other is form the classical
and non - classical propositional calculi. In 2021 [6], S
Rethina Kumar introduce combination BCK-algebra and
BClI-algebra to define BCIK-algebra and its properties and
also using Lattices theory to derived the some basic
definitions, and they also the idea introduced a regular f-
derivation in BCIK-algebras. We give the Characterizations f-
derivation p-semi simple algebra and its properties. In
2021[4], S Rehina Kumar have given the notion of t-
derivation of BCIK-algebras and studied p-semi simple
BCIK—algebras by using the idea of regular t-derivation in
BCIK-algebras have extended the results of BCIK-algebra in
the same paper they defined and studied the notion of left
derivation of BCIK-algebra and investigated some properties
of left derivation in p-semi simple BCIK-algebras. In 2021
[7], S Rethina Kumar have defined the notion of Regular left
derivation and generalized left derivation determined by a
Regular left derivation on p-semi simple BCIK-algebra and
discussed some related properties. Also, In 2021 [3,4,5], S
Rethina Kumar have introduced the notion of generalized
derivation in BCI-algebras and established some results.

The present paper X will denote a BCIK-algebra unless
otherwise mentioned. In 2021[3,4,5,6,7], S Rethina Kumar
defined the notion of derivation on BCIK-algebra as follows:
A self-map d: X — Xis called a left-right derivation (briefly
on (1, r)-derivation) of Xif d(x *y) =d(x) *y L x*d(y) holds
for all x, y [J X. Similarly, a self-map d: X — X is called a
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right-left derivation (briefly an (r, 1)-derivation) of X if d(x *
y)=x*d(y) L d(x)*y holds forall x, y[1 X. Moreover if d is
both (], r)-and (r, 1)-derivation, it is a derivation on X.
Following [3,4,5,6], a self-map di: X — Xissaid to be a right-
left f-derivation or an (I, r)-f-derivation or an (I, r)-f-
derivation of X if it satisfies the identity dr (x * y) = de(x) *
f(y) L f(x) * di(y) for all x, y [ X. Similarly, a self-map dg: X
— X is said to be a right-left f-derivation or an (r, 1)-f-
derivation of X if it satisfies the identity dr (x * y) = f(x) *
di(y) L de(x) * f(y) for all x, y LI X. Moreover, if dris an f-
derivation, where f is an endomorphism. Over the past
decade, a number of research papers have been devoted to
the study of various kinds of derivations in BCIK-algebras
(see for [3,4,5,6,7] where further references can be found).

The purpose of this paper is to study the regularity of inside
(or outside) ( 8, ¢ )-derivation in BCIK-algebras X and their
useful properties. We prove that let d(g, ¢): X — X be an
inside (@, ¢)-derivation of X and if there exists a [] X such
thatd 6, ¢(x)(x) * 6(a)=0,thend @, ¢)isregular for all x
LX. It is derivation of X is regular. Furthermore, we
introduce the concepts of O-ideal, ¢ -ideal and invariant

inside (or outside) (8, ¢ )-derivation of X and investigated
their related properties. We also prove thatifd g, ¢ ;X — X
is an outside ( &, ¢ )-derivation of X, then d( 8, ¢)isregularif
and only if every 6-ideal of X is d(8, ¢)-invariant.
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2. Preliminaries

Definition 2.1: [5] BCIK algebra

Let X be a non-empty set with a binary operation * and a
constant 0. Then (X, *, 0) is called a BCIK Algebra, if it
satisfies the following axioms for all x,y, z € X:

(BCIK-1) x*y = 0, y*x = 0, z*x = 0 this imply thatx =y = z.
(BCIK-2) ((x*y) * (y*2)) * (z*x) = 0.

(BCIK-3) (x*(x*y)) *y = 0.

(BCIK-4) x*x =0, y*y =0, z*z = 0.

(BCIK-5) 0*x =0, 0*y = 0, 0*z = 0.

Forallx,y,z € X. An inequality < is a partially ordered set on
X can be defined x <y if and only if

(x*y) * (y*z) = 0.

Properties 2.2: [5] | any BCIK - Algebra X, the following
properties hold for all x, y, z € X:

1. 0EX

2. x*0=x.

3. x*0=0impliesx =0.

4. 0%(x*y) = (0*x) * (0*y).

5. X*y=0impliesx=y.

6. X*(0*y) =y*(0*x).

7. 0*(0*x) =x.

8. x*y€EXandx € Ximplyy € X
9. (x'y)*z=(xz)*y

=
e

X (x*(x*y)) = x*y.
- (x*y) *(y*z) =xYy.
O<x<yforallx,y €EX.

=
w N

x <y implies x*z < y*z and z*y < z*x.

[uny
-

x*y < x.

=
“u

xty<zex*z<yforallx, y,z€X

[uny
o

x*a = x*b implies a = b where a and b are any natural
numbers (i.e).,a,bEN

17. a*x =b*ximpliesa=h.

18. a*(a*x) =x.

Definition 2.3:[4, 5, 10], Let X be a BCIK - algebra. Then, for

allx,y,z€X:
1. Xiscalled a positive implicative BCIK - algebra if (x*y) *

z = (x*z) * (y*z).
X s called an implicative BCIK - algebra if x*(y*x) = x.
3. Xis called a commutative BCIK - algebra if x*(x*y) =
y*(y*x).
4. X is called bounded BCIK - algebra, if there exists the
greatest element 1 of X, and for any
5. x€X, 1*xis denoted by GGy,

Xis called involutory BCIK - algebra, if for all x € X, GG« =
X.

Definition 2.4: [5] Let X be a bounded BCIK-algebra. Then
forallx,y €X:

Theorem 2.5: [5] Let X be a bounded BCIK-algebra. Then for
any x, y € X, the following hold:

1. Xisinvolutory,

2. x*y=Gy*Gy

3. x*Gy=y*Gy

4., x<Gyimpliesy < Gx.

Theorem 2.6: [5] Every implicative BCIK-algebra is a
commutative and positive implicative BCIK-algebra.

Definition 2.7: [4,5] Let X be a BCIK-algebra. Then:

1. Xissaid to have bounded commutative, if for any x, y €
X, the set A(x,y) = {t € X: t*x < y} has the greatest
element which is denoted by x o y,

2. (X, * <) is called a BCIK-lattices, if (X, <) is a lattice,
where < is the partial BCIK-order on X, which has been
introduced in Definition 2.1.

Definition 2.8: [5] Let X be a BCIK-algebra with bounded
commutative. Then for all x,y, z € X:

1. y<xo(y*)),

2. (xo01z)*(yoz)<x*y,

3. (x*y)*z=x*(yoz),

4. Ifx<y,thenxoz<yoz

5. z*x<y©z<xoy.

Theorem 2.9: [4,5] Let X be a BCIK-algebra with condition
bounded commutative. Then, for all %, y, z € X, the following
are equivalent:

1. Xis a positive implicative,

x<yimpliesxoy =y,

X0X =X,

(xoy)*z=(x*z) o (y*z),

X0y =xo0 (y*x).

heorem 2.10: [4,5] Let X be a BCIK-algebra.

If X is a finite positive implicative BCIK-algebra with

bounded and commutative the (X, <) is a distributive
lattice,

ol BN

2. If X is a BCIK-algebra with bounded and commutative,
then X is positive implicative if and only if (X, <) is an
upper semi lattice withx vy =xoy, foranyx,y € X,

3. IfXis bounded commutative BCIK-algebra, then BCIK-
lattice (X, <) is a distributive lattice, where x A y =
y*(y*x) and x v y= G(Gx A Gy).

Theorem 2.11: [4,5] Let X be an involutory BCIK-algebra,
Then the following are equivalent:

1. (X <)isalower semi lattice,

2. (X, ) is an upper semi lattice,

3. (X, <)is alattice.

Theorem 2.12: [5] Let X be a bounded BCIK-algebra. Then:

1. every commutative BCIK-algebra is an involutory BCIK-
algebra.

2. Any implicative BCIK-algebra is a Boolean lattice (a
complemented distributive lattice).

1. G1=0andGO=1, Theorem 2.13: [5, 11] Let X be a BCK-algebra, Then, for all
2. GGys x that GGy = G(Gy) x,y, Z € X, the following are equivalent:
3' G :_G o S 1. Xis commutative,
. X - y Xl
4. ysx i};nplies Gx<G 2. Xy =Xy ™),
. = X = My,
5. Guy= Gy 3. X 0Y) =y ),
6. GGG.=G 4, x<yimplies x = y*(y*x).
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3. Regular Left derivation p-semi simple BCIK-algebra
Definition 3.1: Let X be a p-semi simple BCIK-algebra. We
define addition + as x + y = x*(0*y) for all

%,y € X. Then (X, +) be an abelian group with identity 0 and x
-y = x*y. Conversely, let (X, +) be an abelian group with
identity 0 and let x - y =x*y. Then X is a p-semi simple BCIK-
algebra and x +y = x*(0*y),

forall x,y € X (see [6]). We denotex *y=y*(y*x),0*(0*
X) = axand
Ly(X)={a€X/x*a=0impliesx = a, forall x € X}.

Foranyx € X.V(a) ={a € X /x*a =0} is called the branch of
X with respect to a. We have

x*y €V (a*b), wheneverx € V(a)andy € V(b), forallx,y €
Xandalla, b €L ,(X), for 0* (0 *ax) = axwhich implies that ax
*y ELp(X) forally € X. Itis clear that G(X) J Lp(X) and x *
(x*a)=aand

a*x€Ly(X), foralla€Lp(X)andallx € X

Definition 3.2: ([5]) Let X be a BCIK-algebra. By a (], r)-
derivation of X, we mean a self d of X satisfying the identity

dx*y)=(dx) *y) L (x*d(y)) forallx,y € X.
If X satisfies the identity

dix*y)=(x*d(y)) L (dx)*y)forallx,y €X,
then we say that d is a (r, 1)-derivation of X

Moreover, if d is both a (r, 1)-derivation and (r, 1)-derivation
of X, we say that d is a derivation of X.

Definition 3.3: ([5]) A self-map d of a BCIK-algebra X is said
to be regularifd (0) = 0.

Definition 3.4: ([5]) Let d be a self-map of a BCIK-algebra X.
An ideal A of X is said to be d-invariant, if d(A) = A.

In this section, we define the left derivations

Definition 3.5: Let X be a BCIK-algebra By a left derivation
of X, we mean a self-map D of X satisfying

D(x*y)=(x*D(y)) L (y*D(x)), forallx,y €X.

Example 3.6: Let X = {0,1,2} be a BCIK-algebra with Cayley
table defined by

*

N | =[O
N OO
O IN(N (N

0
1
2

Define amap D: X — Xby

{ 2ifr =0,1
D(x) =
Oifx = 2.

Then it is easily checked that D is a left derivation of X.

Proposition 3.7: Let D be a left derivation of a BCIK-algebra
X. Then for all x, y € X, we have
1. x*D(x)=y*D(y).

Proof.
(1) Letx,y € X. Then
D(0)=D(x*x)=(x*D(x)) L (x*D(x)) =x*D(x).

Similarly, D(0) =y * D(y). So, D(x) =y * D(y).

2) Letx € X. Then

D(x) =D(x*0)

=(x*D(0)) L (0*D(x))

=(0*D(x)) * ((0*D(x)) * (x * D(0)))

<0*(0*(x*D(x))))

=0*(0* (x*(x*D(x))))

=0*(0*(D(x) L x))

= aD(x) x-

Thus D(x) <ap( x- But

apx x=0(0*(D(x) L x)) £DE) L x < D(x).

Therefore, D(x) = apw) x-

(D Letx € X. Then using (2), we have

D(x) =apy «< D(x) L x.

But we know that D(x) [ x < D(x), and hence (3) holds.
(2) Since ax € L p(X), for all x € X, we get D(x) € L ,(X) by
(2).

Remark 3.8: Proposition 3.3(4) implies that D(X) is a subset
of L p(X).

Proposition 3.9: Let D be a left derivation of a BCIK-algebra
X. Then for all X, y € X, we have

1. Y*(y*D(x))=D(x).

2. D(x)*y€LyX).

Proposition 3.10: Let D be a left derivation of a BCIK-
algebra of a BCIK-algebra X. Then

1. D(0) €L p(X).

D(x) =0+ D(x), forall x € X.

D(x+y)=x+D(y), forall x,y € L ,(X).

D(x) =x, for all x € X if and only if D(0) = 0.

D(x) € G(X), for all x € G(X).

roof.

Follows by Proposition 3.3(4).

S e LI S R

Letx € X. From Proposition 3.3(4), we get D(x) = ap(x), SO
we have
D(x) =apx =0*(0*D(x)) =0 + D(x).

3. Letx,y€Ly(X). Then

D(x+y)=D(x*(0*y))

=(x*D(0*y)) L ((0*y)*D(x))

=((0*y) *D(x)) * (((0 *y) *D(x) * (x *D(0 * y)))
=x*D(0 *y)

=x*((0*D(y)) L (vy*D(0)))

=x*D(0 *y)

=x*(0*D(y))

=x+ D(y).

4. LetD(0)=0andx€X. Then
D(x)=D(x) L x=x*(x*D(x))=x*D(0)=x*0=x.
Conversely, let D(x) = x, for all x € X. So it is clear that D(0) =

2. D(X) = ap(x) «x- 0
3. D(x)=D(x) L x. 5' € 66, Then 0 ]
. Letx x). Then =xand so
4. D(x) €L p(X). D(x) = D(0 * x)
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=(0*D(x)) L (x*D(0))
=(x*D(0)) * ((x*D(0)) * (0 * D(x))
=0*D(x).

This give D(x) € G(X).

Remark 3.11: Proposition 3.6(4) shows that a regular left
derivation of a BCIK-algebra is the identity map. So we have
the following:

Proposition 3.12: Aregular left derivation of a BCIK-algebra
is trivial.

Remark 3.13: Proposition 3.6(5) gives that D(x) EG(X) L] L
p(X).

Definition 3.14: An ideal A of a BCIK-algebra X is said to be
D-invariant if D(A) L] A.

Now, Proposition 3.8 helps to prove the following theorem.

Theorem 3.15: Let D be a left derivation of a BCIK-algebra X.
Then D is regular if and only if ideal of X is D-invariant.

Proof.
Let D be a regular left derivation of a BCIK-algebra X. Then
Proposition 3.8. gives that D(x) = x, for all

x € X.Lety € D(A), where A is an ideal of X. Then y = D(x) for
some X € A. Thus

Y*x=D(x)*x=x*x=0€A.
Theny € A and D(A) ] A. Therefore, A is D-invariant.

Conversely, let every ideal of X be D-invariant. Then D({0})
[J {0} and hence D(0) and D is regular.

Finally, we give a characterization of a left derivation of a p-
semi simple BCIK-algebra.

Proposition 3.16: Let D be a left derivation of a p-semi-
simple BCIK-algebra. Then the following hold for all x,y € X:
1. D(x*y)=x*D(y).

2. D(x)*x=D(y)*Y.

3. D(x)*x=y*D(y).

Proof.

1. Letx,y€X.Then

D(x*y)=(x*D(y)) L L (y*D(x))=x*D(y).

2. We know that

(x*y)* (x*D(y)) = D(y) *y and

(y*x)*(y*D(x)) = D(x) *x.

This means that

(x*y)*(x*D(y))) * (D(y) *y) =0, and
((y*x)*(y*D(x))) * (D(x) *x) = 0.

So

(x*y)*(x*D(y))) * (D(y) *y) = (v *x) * (y * D(x))) * (D(x)
*x). (I)

Using Proposition 3.3(1), we get,

(x*y)*D(x*y)=(y *x) *D(y *x). (1)

By (D), (1) yields

(x*y)* (x*D(y)) = (y *x) * (v * D(x)).

Since X is a p-semi simple BCIK-algebra. (I) implies that
D(x) *x=D(y) *y.

3. We have, D(0) = x * D(x). From (2), we get D(0) * 0 =

D(y) *y or D(0) =D(y) *y.
SoD(x) *x =y *D(y).

Theorem 3.17: In a p-semi simple BCIK-algebra X a self-map
D of X is left derivation if and only if and if it is derivation.

Proof.

Assume that D is a left derivation of a BCIK-algebra X. First,
we show that D is a (T, 1)-derivation of X. Then
D(x*y)=x*D(y)

=(Dx) *y) * (D(x) *Y) * (x * D(y)))

=x*D(y)) L (D) *y).

Now, we show that D is a (r, 1)-derivation of X. Then
D(x*Y)=x*D(y)

=(x*0)*D(y)

=(x*(D(0) *D(0)) * D(y)

=(x*((x*D(x)) *(D(y) *y))) *D(y)
=(x*(x*D(y)) * (D(x) *y))) *D(y)

=(x*D(y) * (x*D(y)) * (D(x) *Y))

=(D) *y) L (x*D(y).

Therefore, D is a derivation of X.

Conversely, let D be a derivation of X. So it is a (r, 1)-
derivation of X. Then

D(x*y)=(x*D(y)) L (D(x) *y)

= (D *y)* ((D(x) *y) * (x*D(y)))

=x*D(y) = (y*D(x)) * ((vy * D(x)) * (x * D(¥)))

=(x*D(y)) L (vy*D(x).

Hence, D is a left derivation of X.

4. t-Derivationsin BCIK-algebra /p-Semisimple BCIK-
algebra

The following definitions introduce the notion of t-derivation

for a BCIK-algebra.

Definition 4.1: Let X be a BCIK-algebra. Then for t € X, we
define a self-map de: X —» Xby d¢(x) =x*t

forall x € X.

Definition 4.2: Let X be a BCIK-algebra. Then forany t€X, a
self-map di: X — Xis called a left-ritht t-derivation or (1,r)-t-
derivation of X if it satisfies the identity d¢(x * Y) = (d«(x) *y)
L (x*dy(y)) forallx,y €X.

Definition 4.3: Let X be a BCIK-algebra. Then forany t€X, a
self-map di: X — Xis called a left-right t-derivation or (1, r)-t-
derivation of X if it satisfies the identity di(x * y) = (x * de(y))
L (d(x) *y) forallx,y € X.

Moreover, if dcis both a (1, r)and a (r, 1)-t-derivation on X, we
say that dds a t-derivation on X.

Example 4.4: Let X = {0,1,2} be a BCIK-algebra with the
following Cayley table:

*

2
2
2

N([(—=|O
N (= |O|[O
N OO

0

For any t € X, define a self-map di:: X — X by d¢(x) =x * t for
all x € X. Thenitis easily checked that d; is a t-derivation of X.

Proposition 4.5: Let d: be a self-map of an associative BCIK-
algebra X. Then d;is a (I, r)-t-derivation of X.

Proof. Let X be an associative BCIK-algebra, then we have
de(x*y)=(x*y)

={x*(y*t}*0

=x*y*Or*[{x*y* 0} {x*(y*0}l

={x*y O [{x* 0 {x*y) *t}]
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=Y {x* o} {x ) *y}
=(x*9*y) L x*(y*0)
=(d(x) *y) L (x*dily)).

Proposition 4.6: Let d; be a self-map of an associative BCIK-
algebra X. Then, d; s a (r, 1)-t-derivation of X.

Proof. Let X be an associative BCIK-algebra, then we have
d(x*y)=(x*y)*t

={x*t)*y}*0

={Ex*)*y*{E*t) "y} *{x*t) *y)]
={Ex*)*y*{E*0) *y}*{x*y) *t}]
={Ex*)*y*{Ex*t) *y}*{x*(y* O}l

=x*(*9) L (x*D*y)

=(x*d(y)) L (de(x) *y)

Combining Propositions 4.5 and 4.6, we get the following
Theorem.

Theorem 4.7: Let d; be a self-map of an associative BCIK-
algebra X. Then, d; is a t-derivation of x.

Definition 4.8: A self-map d: of a BCIK-algebra X is said to be
t-regular if d;(0) = 0.

Example 4.9: Let X = {0, a, b} be a BCIK-algebra with the
following Cayley table:

*I0ja|b
000 |D
ala|0|Db
b|b|b|O0

1. Foranyt€X, define a self-map di: X — X by
bif x =0,a

de(x) =x*t= .
t { 0if x=b

Then it is easily checked that d: is (I, r) and (r, 1)-t-
derivations of X, which is not t-regular.

2. Foranyt€X, define a self-map d't: X = X by
d/(x)=x*t=0ifx=0,a bifx=h.

Then it is easily checked that d¢ is (I, r) and (r, 1)-t-
derivations of X, which is t-regular.

Proposition 4.10: Let d; be a self-map of a BCIK-algebra X.

Then

1. Ifdiisa (1, r)-t- derivation of x, then di(x) = di(x) [ x for
allx€X.

2. Ifd:isa (r,1)-t-derivation of X, then di(x) = x L di(x) for
all x € X if and only if d; is t-regular.

Proof.

1. Letd:bea (], r)-t-derivation of X, then
de(x) = de(x*0)

= (de(x) *0) L (x*de(0))

=di(x) L (x*d(0))

={x*dy(0)} * [{x * d(0)} * de(x)]
={x*d(0)} * [{x * de(x)} * d¢(0)]
Sx*{x*d(x)}

=de(x) L x

But di(x) L x <d(x) is trivial so (1) holds.

2. Letd(bea (r,1)-t-derivation of X. If di(x) = x <d(x) then
dy(0) =0 L dy(0)

Thereby implying d: is t-regular. Conversely, suppose that d;
is t-regular, that is d¢(0) = 0, then we have

d(0) = d¢(x *0)

=(x*di(0)) L (d(x)*0)

=(x*0) Ldy(x)

=x [ dy(x).

The completes the proof.

Theorem 4.11: Let d; be a (I, r)-t-derivation of a p-semi
simple BCIK-algebra X. Then the following hold:

1. de(0) =d¢(x) *xforall x € X.

2. dtis one-One.

3. [Ifthereis an element x € X such that d¢(x) = X, then d is
identity map.

4. Ifx <y, thendi{(x) <di(y) forallx,y €X.

Proof.

1. Letd; be a (], r)-t-derivation of a p-semi simple BCIK-
algebra X. Then for all x € X, we have

x*x=0and so

de(0) = de(x * %)

= (de(x) *x) L (x*de(x))

={x*du(x)} * [{x * de(x)} * {de(x) * x}]

=de(x) *x

2. Letd¢(x)=diy) =@ x*t=y*t, then we have x =y and so
dtis one-one.

3. Letd; be t-regular and x € X. Then, 0 = d¢(0) so by the
above part(1), we have 0 = d¢(x) * x and, we obtain d¢(x)
=x for all x € X. Therefore, d; is the identity map.

4. Itis trivial and follows from the above part (3).
Letx < y implying x *y = 0. Now,

di(x) *dey) = (x*) * (y* 1)

=x* y

=0.

Therefore, di(x) <d¢(y). This completes proof.

Definition 4.12: Let d; be a t-derivation of a BCIK-algebra X.
Then, d:is said to be an isotone t-derivation ifx < y = d(x)
<dy(y) forall x,y €X.

Example 4.13: In Example 4.9(2), d{ is an isotone t-
derivation, while in Example 4.9(1), d; is not an isotone t-
derivation.

Proposition 4.14: Let X be a BCIK-algebra and d; be a t-
derivation on X. Then for all x, y € X, the following hold:
1. Ifdix L y)=dix) de(x) di(x), then d: is an isotone t-

derivation

2. Ifdx L y) = de(x) * di(y), then d; is an isotone t-
derivation.

Proof.

1. Letdix L y)=di(x) Ld(x). Ifx <y = x L y=xfor
all x, y € X. Therefore, we have

d(x) =de(x L y)

=de(x) L di(y)

< di(y).

Henceforth di(x) < d¢(y) which implies that d;is anisotone t-
derivation.

Letdi(x*y) =d(x) *de(y). Ifx Sy = x*y=0forallx,y€EX.

=d¢(0) *{ d:(0) * 0} Therefore, we have

=d¢(0) *d(0) de(x) = de(x * 0)

=0 =dx* (x*y)}
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= de(x) * de(x * y)
=de(x) * { de(x) * de(y)}
< di(y).

Thus, di(x) < d¢(y). This completes the proof.

Theorem 4.15: Let d; be a t-regular (r, 1)-t-derivation of a
BCIK-algebra X. Then, the following hold:

1. dix)< xforallx€X.

2. d(x)*y < x*d(y) forallx,y €EX.

3. de(x*y)=dux) *y <de(x) * de(y) forall x,y €X.

4. Ker(dy) = {x € X: di(x) = 0} is a sub algebra of X.

Proof.

1. Foranyx€X,

we have di(x) = de(x * 0) = (x *de(0)) L (de(x) *0) = (x*0)

L (de(x)*0)=x [ di(x) < x

2. Sinced¢(x) < xforallx€X, thendi(x) *y < x*y < x*
d¢(y) and hence the proof follows.

3. Foranyx,y € X, we have

de(x *y) = (x *de(y)) L (de(x) *y)

={de(x) *y} * [{de(x) * y} * {x * de(x)}]

={d(x) *y}* 0

=de(x) ¥y Sde(x) * de(x).

4, Letx,y€ker (di) = di(x) =0 =d¢(y). From (3), we have
de(x*y) <de(x) *de(y) =0*0 =0 implyingdi(x*y) < 0
and so di(x * y) = 0. Therefore, x * y € ker (di).
Consequently, ker(d;) is a sub algebra of X. This
completes the proof.

Definition 4.16: Let X be a BCIK-algebra and let d,d;’ be two
self-maps of X. Then we define

drodd: X — Xby (dr 0 d)(x) = de(d¢(x)) for all x € X.

Example 4.17: Let X = {0, a, b} be a BCIK-algebra which is
given in Example 4.4. Let d; and d¢ be two

self-maps on X as define in Example 4.9(1) and Example
4.9(2), respectively.

Now, define a self-map di o d¢: X — X by
0if x=a,b
bif x=0.

Then, it easily checked that (d: o dt’) (x) = d¢(d¢(x)) forall x €
X.

(deo de)(x) = {

Proposition 4.18: Let X be a p-semi simple BCIK-algebra X
and let ds, d¢’ be (1, r)-t-derivations of X.

Then, d: o d¢ is also a (], r)-t-derivation of X.

Proof. Let X be a p-semi simple BCIK-algebra. d;and d¢" are (I,
r)-t-derivations of X. Then for all x, y € X, we get

(deo df) (x*y) = de(d'(xy))

=di[(de'(x) *y) L (x* de(y))]

= dd(x * de'(y)) * {(x * de(y)) * (de'(x) *y)}]

=d(dd'(x) *y)

= {x*dd(de(y))} * [{x * de(dc' ()} * {de(d:'(x) * y)}]
={d(de’(x) *y)} L {x*di(d/'(y))}

=((diod)(®) *y) L (x* (deo d)(y)).

Therefore, (d: o d¢') is a (I, r)-t-derivation of X.

Similarly, we can prove the following.

Proposition 4.19: Let X be a p-semi simple BCIK-algebra
and let d;,d¢’ be (r, 1)-t-derivations of X. Then, d: o d;’ is also a
(r, D-t-derivation of X.

Combining Propositions 3.18 and 3.19, we get the following.

Theorem 4.20: Let X be a p-semi simple BCIK-algebra and
let dyd; be t-derivations of X. Then, d: o d¢ is also a t-
derivation of X.

Now, we prove the following theorem

Theorem 4.21: Let X be a p-semi simple BCIK-algebra and
let dy,d¢’ be t-derivations of X.
Then dt (0] dt' = dt' (0] dt.

Proof. Let X be a p-semi simple BCIK-algebra. d; and d¢, t-
derivations of X. Suppose d,’ is a
(I, r)-t-derivation, then for all x, y € X, we have

(drod) (x*y) = de(di'(x *y))

=de[(de(x) *y) L (x*de(y))]

=de(x * di'(y)) * {(x * de(y)) * (de'(x) * y)}]
=d(de'(x) *y)

As d;is a (r, 1)-t-derivation, then

= (d¢(x) *de(y)) L (de(d’'(x)) *y)

= d¢(x) * de(y).

Again, if d; is a (1, 1)-t-derivation, then we have
(diody) (x*y) = di'[de(x * y)]
=d/[(x*de(y)) L (de(x) *y)]

=dd[x * de(y)]

Butdt is a (I, r)-t-derivation, then
=(de'(¥) *de(y)) L (x*dd'(de(y))

=dd(x) * di(y)

Therefore, we obtain

(diodd) (x*y) =(di 0dy) (x*y).

By putting y = 0, we get

(deo dt) (x) = (df o dy) (x) forall x € X.

Hence, d: o d¢’ = d¢’ o d.. This completes the proof.

Definition 4.22: Let X be a BCIK-algebra and let d;,d;’ two
self-maps of X. Then we define d:*d;: X — Xby (d:*d¢)(x) =
de(x) * d¢'(x) for all x € X.

Example 4.23: Let X = {0, a, b} be a BCIK-algebra which is
given in Example 3.4.let d; and d¢ be two

Self-maps on X as defined in Example 4.9 (1) and Example
4.10 (2), respectively.

Now, define a self-map d: * d¢: X — X by (d: * d)(x) =
0if x=a,b
bif x=0.
Then, it is easily checked that (d: * d¢") (x) = d¢(x) * d¢'(x) for
allx € X.

Theorem 4.24: Let X be a p-semi simple BCIK-algebra and
let dy,d¢’ be t-derivations of X.

Then dt * dt' = dt' * dt.

Proof. Let X be a p-semi simple BCIK-algebra. d; and d¢, t-
derivations of X.

Since d¢ is a (r, 1)-t-derivation of X, then for all X, y € X, we
have
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(deo dr) (x *y) = de(de' (x * y))
=dd(x*dd(y)) L (d/(x) *y)]
= def (x * de'(y)]

But dis a (], r)-r-derivation, so

= (de(x) *dd(y)) L (x*de(dd'(y))
= di(x) * d!'(x).

Again, if d¢ is a (], r)-t-derivation of X, then for all x, y € X, we
have

(drody) (x*y) = di[de'(x * y)]

=de[(d¢'(x) *y) L (x*de'(y))]

=de(x * di'(y)) * {(x * dc'(y)) * (de'(x) * y)}]

= de(de'(x) *y).

As d;is a (r, 1)-t-derivation, then

= (de'(x) *di(y)) L (de(de'(x)) *y)

=dd'(x) * du(y).

Henceforth, we conclude

di(x) * de'(y) = di'(x) * de(y)

By putting y =x, we get

di(x) * dv'(x) = dv'(x) * di(x)

(de*d¢) (x) = (d¢ * di)(x) for all x € X.

Henced: * d¢’ = d¢ * dv. This completes the proof.

5. f-derivation of BCIK-algebra
In what follows, let be an endomorphism of X unless
otherwise specified.

Definition 5.1: Let X be a BCIK algebra. By a left f-derivation
(briefly, (1, r)-f-derivation) of X, a self-map dr (x * y) = (d¢ (x) *
f(y)) C (f(x) * d¢ (y)) for all x, y € X is meant, where fis an
endomorphism of X. If drsatisfies the identity df (x * y) = (f(x)
*de (y)) L (de(x) *f(y)) forall x, y € X, then it is said that d¢
is a right-left f-derivation (briefly, (r, 1)-f-derivation) of X.
Moreover, if dris both an (r, 1)-f-derivation, it is said that dris
an f-derivation.

Example 5.2: Let X={0,1,2,3,4,5} be a BCIK-algebra with the
following Cayley table:

*10]1]12]3]4]|5
0(0]0]2]|2]|2]2
1(1(0|2]2]2]2
21212]0]0(0]0
3/3[2]1]0]0]0
414|2]1]1]0]1
5|/5]2]1|1]1]0

Define a Map ds X — X by
2if x=0,1,
de= .
Ootherwise,
and define and endomorphism f of X by
2if x=0,1,
f(x) = / .
Ootherwise,

That it is easily checked that dr is both derivation and f-
derivation of X.

Example 5.3: Let X be a BCIK-algebra as in Example 2.2.
Define amap di: X — X by

Then it is easily checked that dris a derivation of X.

Define an endomorphism f of X by

f(x) =0, forallx € X.

Then dris not an f-derivation of X since

dr(2*3) =dr (0) = 2,

but

(dr(2) *f(3) L (f(2) *dr(3))=(0*0) L (0*0)=0 L 0=0,
And thus df (2 * 3) # (df (2) *£(3)) L (f(2) *dr (3)).

Remark 5.4: From Example 5.3, we know that there is a
derivation of X which is not an f-derivation X.

Example 2.5: Let X={0,1,2,3,4,5} be a BCIK-algebra with the
following Cayley table:

*10

BlWwiN | = |Oo

s |lw|v|-|o
win|lwiN| R |o|r
Blr(v]jo|lu|lw|N
Rlujlo|w|s|n|w
Nv]|jonv|o|w|w|s
o|lwlo|w|n|n|w,

5

Define amap di: X — X by
0 if x=0,,
2 if x=2.4,
3if x=35,

dr (x) =

and define an endomorphism f of X by
0if x=0,1,
2if x=24,
3if x=3,5,

f(x) =

Then it is easily checked that df is both derivation and f-
derivation of X.

Example 5.6: Let X be a BCIK-algebra as in Example 5.5.
Define amap di: X — X by

0 if x=0,],
2if x=2.4,
3if x=3.5,

dr (x) =

Then it is easily checked that dris a derivation of X.
Define an endomorphism f of X by
f(0)=0,f(1)=1,f(2)=3f(3)=2,f(4)=5,f(5) =4.
Then dris not an f-derivation of X since

dr(2*3)=ds(3) =3,

but

(dr(2)*£(3)) L (f(2) *dr(3)) = (2*2) L (3*3)=0L 0=0,
And thus df (2 *3) # (df (2) *f(3)) L (f(2) * d¢ (3)).

= 2if x=0.1, Example 5.7: Let X be a BCIK-algebra as in Example 2.5.

Ootherwise, Defineamap di: X — Xbyd¢(0)=0,d¢(1) =1,d¢(2) = 3,d¢ (3)
=2,dr(4) =5,d:(5) =4,
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Then dris not a derivation of X since

dr (2*3)=dr(3) =2,

(de(2)*3) L (2*de(3)=(B*3) L (2*2)=0L 0=0,
And thus And thus df (2 *3) # (dr (2) *3) L (2 *d¢ (3)).
Define an endomorphism f of X by
f(0)=0,f(1)=1,f(2)=3,f(3)=2,f(4)=5,f(5) =4.
Then it is easily checked that dris an f-derivation of X.

Remark 5.8: From Example 5.7, we know there is an f-
derivation of X which is not a derivation of X.

For convenience, we denote fy = 0 * (0 * f(x)) for all x € X.
Note that fx € L p(X).

Theorem 5.9: Let drbe a self-map of a BCIK-algebra X define
by df (x) = fx for all x € X.

Then df is an (1, r)-f-derivation of X. Moreover, if X is
commutative, then dris an (r, 1)-f-derivation of X.

Proof. Letx,y €X

Since

0* (0" (£ * f(y))) = 0* (0 * ((0 * (0 * f(x)) * f(y)))
=0*((0*((0*f(y)) * (0*£(x))))
=0*(0*(0*f(y *x))) = 0*f(y *x)

=0* (f(y) * f(x)) = (0 *f(y)) * (0 * f(x))

=(0* (0 *f(x))) * f(y) = £ * f(y),

We have f; * f(y) € L p(X), and thus

fi* f(y) = (f(x) * £) * ((f(x) * £) * (£ * £(y))),

It follows that

dr (x *x)=fx=x = 0% (0 * f(x*y)) = 0 * (0 * (f(x) * £(y)))
=(0*(0*f(x)) * (0*(0*f(y))) = *fy
=(0*(0*£)) * (0*(0*f(y))) =0*(0* (£ *f(y)))
=f* f(y) = (f(x) * £) * ((f(x) * £) * (£ * £(y)))
=(K*f(y)) L (fx) L) =(de () *£(y)) L (F(x) * de (),

And so dris an (], r)-f-derivation of X. Now, assume that X is
commutative. So dr (x) * f(y) and f(x) * dr (y) belong to the
same branch x, y € X, we have

dr (x) * f(y) = & * f(y) = (0 * (£ * £(y)))

=(0*(0*£))* (0*(0*f(y)))

=i *RHEV (k¥ ),

Andso fy *f=(0* (0 *f(x))) * (0 * (0 *£f;)) =0 * (0 * (f(x) *
£))=0*(0* (f(x) *dr (y)) < f(x) * dr(y), which implies that
f(x) * dr (y) € V(f * £). Hence, dr (y) * f(y) and f(x) * dr (y)
belong to the same branch, and so

dr (x* x) = (d (x) * £(y)) L (f(x) * dr (v))
= (f(x) * dr (v)) L (de (x) * ().

This completes the proof.

Proposition 5.10: Let dr be a self-map of a BCIK-algebra.
Then the following hold.

1. If dris an (1, r)-f-derivation of X, then df (x) = d¢ (x) L
f(x) for all x € X.

2. Ifdris an (r, 1)-f-derivation of X, then d¢ (x) = f (x) L ds
(x) for all x € X if and only if dr (0) = 0.

Proof.

1. Letdrisan (r,1)-f-derivation of X, Then,

dr (x) = dr (x * 0) = (dr (x) *£(0)) L (f(x) * d¢ (0))
=(dr (x) *0) L (f(x) *ds (0)) = dr (x) L (f(x) * dr (0))
= (f(x) * dr (0)) * ((f(x) * dr (0)) * dr (x))

= (f(x) * dr (0)) * ((f(x) * d¢ (0)) * dr (0))
< f(x) * (f(x) * dr (%)) = dr (%) L £(x).

But df (x) L f(x) <d¢(x) is trivial and so (1) holds.

2. Letd¢be an (1, 1)-f-derivation of X. If d¢ (x) = f(x) * dr (x)
forallx € X, then forx =0, d¢(0) =f(0) *d¢ (0) =0 L £(0)
=d (0) * (dr (0) *0) = 0.

Conversely, if df (0) = 0, then df (x) = dr (x * 0) = (f(x) * (df
(0)) L (de (x) *£(0)) =
(f(x) *0)) L (de(x) * 0) = f(x) L d¢(x), ending the proof.

Proposition 5.11: Let dr be an (], r)-f-derivation of a BCIK-
algebra X. Then,

1. df(x) €L p(X), thenisds(0) =0* (0 *d¢ (x));

2. df(a) =df(0) * (0 *f(a)) = dr (0) +f(a) for all a € L p(X);
3. dr(@) ELy(X) foralla €L p(X);

4. df(a+b)=ds(a)+ds(b)-ds(0) foralla, b €L p(X).

Proof.

1. The proof follows from Proposition 5.10(1).

2. Leta€Lp(X),thena=0*(0*a),andsof(a)=0*(0*
f(a)), that s, f(b) € L p(X).

Hence

dr(a) = d(0 * (0 * a))

= (de(0) *f(0 *a)) L (f(0) * d¢(0 *a))

= (dg(0) *f(0 *a)) L (0*de0 *a))

= (0*df(0 *a)) * ((0 * di(0 *a)) * (dr (0) * (0 * a)))
= (0*d(0 *a)) * ((0 * (d(0) * f(0 * a))) * d:(0 * a))
=0 (0 * (d:(0) * (0 * f(a))))

=dq(0) * (0 * f(a)) = ds(0) + f(a).

3. The proof follows directly from (2).

4. Leta,b€Ly(X). Notethata+b €L p(X), so from (2), we
note that

dr (a + b) = di(0) + f(a) + di(0) + f(b) - di(0) = de(a) + di(0) -
dr(0).

Proposition 5.12: Let df be a (r, 1)-f-derivation of a BCIK-
algebra X. Then,

1. df(a) € G(X) for all a € G(X);

2. dr(a) €L (X) for all a € G(X);

3. df(a)=f(a) *df(0) =f(a) + dr (a) forall a, b € L ,(X);
4. drf(a+b)=df(a) +ds(b)-ds(0) foralla, b €LpX).

Proof.

1. For any a € G(X), we have df (a) = dr (0 * a) = (f(0) * df
()) L (de(0) +f(a))

= (d¢(0) + f(a)) * ((dr(0) + f(a)) * (0 *ds(0))) = 0 * d¢(0), and so

dr(a) € G(X).

2. Foranya €L p(X), we get

dr(a) =df (0 * (0*a))=(0*de(0*a)) L (de(0) * (0 *a))
= (de(0) * (0 *a)) * ((de(0) * £(0 *a)) * (0 * d¢(0 * a)))
=0*d¢0 *a) € L p(X).

3. Foranya € L p(X), we get

dr(a) =dr(a*0) = (f(a) *ds (0)) L (de(a) * £(0))
=dr(a) * (dr (a) * (f(a) * dr (0))) = f(a) * dr (0)
=f(a) * (o * dr (0)) = f(a) + d¢ (a).

4. The proof from (3). This completes the proof.

Using Proposition 5.12, we know there is an (1,r)-f-derivation
which is not an (r,1)-f-derivation as shown in the following
example.
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Example 5.13: Let Z be the set of all integers and “-“ the
minus operation on Z. Then (Z, -, 0) is a BCIK-algebra. Let ds:
X — Xbedefined by dr (x) =f(x) - 1 forall x € Z.

Then,(ds (x) - f(y)) L (f(x) - dr(y)) = (f(x) -1 - f(y)) L (f(x)
- () -1))

=(f(x-Y)-1) L (fx-y)+1)
=(fx-)+1)-2=f(x-Y)-1

=dr(x-y).

Hence, dris an (1, r)-f-derivation of X. But df (0) =f(0) -1 =-1
#1=1£(0) -dr (0) = 0 - dr (0),

thatis, dr (0) L G(X). Therefore, d¢is not an (r, 1)-f-derivation
of X by Proposition 2.12(1).

6. Regular f-derivations
Definition 6.1: An f-derivation drof a BCIK-algebra X is said
to be aregularifds(0)=0

Remark 6.2: we know that the f-derivations dr in Example
5.5 and 5.7 are regular.

Proposition 6.3: Let X be a commutative BCIK-algebra and

let d¢be a regular (r, 1)-f-derivation of X. Then the following

hold.

1. Both f(x) and d¢(x) belong to the same branch for all x €
X.

2. drisan (], r)-f-derivation of X.

Proof.

1. Letx € X. Then,

0=df(0)=ds(ax*x)

= (fla) *de (x)) L (de(a) * f(x))

= (dr (ax) * f(x)) * ((dr (ax) * f(x)) * (f(x) * dr (ax)))
= (dr (ax) * f(x)) * ((dr (ax) * f(x)) * (f(x) * dr (ax)))
= f; * dr (ax) since fx * df (ax) € L p(X),

And so fy < df (x). This shows that df (x) € V(X), Clearly, f(x) €

V(X).

2. By (1), we have f(x) * d¢ (y) € V(fx * f; ) and d (x) * f(y) €
V(fx* £, ). Thus

de (x*y) = (f(x) *dr (y)) L (de (x) *f(y)) = (ds (x) *f(y)) L
(f(x) * dr (v)), which implies that

dris an (1, r)-f-derivation of X.

Remark 6.4: The f-derivations drin Examples 5.5 and 5.7 are
regular f-derivations but we know that the (1, r)-f-derivation
dr in Example 5.2 is not regular. In the following, we give
some properties of regular f-derivations.

Definition 6.5: Let X be a BCIK-algebra. Then define kerd; =
{x € X / dr(x) = 0 for all f-derivations dg}.

Proposition 6.6: Let drbe an f-derivation of a BCIK-algebra

X. Then the following hold:

1. df(x) < f(x) forallx€X;

2. de(x) *f(y) < f(x) *de (y) forall x, y €X;

3. de(x*y) =de(x) *f(y) <d¢(x) *df (y) forallx,y €X;

4. Kerdris a sub algebra of X. Especially, if f is monic, then
kerds [] X..

Proof.
1. The proof follows by Proposition 5.10(2).

2. Since ds (x) < f(x) forall x € X, then d¢ (x) * f(y) < f(x) *
f(y) = f(x) * d (y).

3. Foranyx,y € X, we have

dr (x *y) = (f(x) *dr (v)) L (dr(x) * f(y))

= (dr (x) * f(y)) * ((dr () * f(y)) * £(x) * dr (1))

= (dr () * f(y)) * 0 = d (x) * f(y) =dr(x) * dr (y),

Which proves (3).

4. Letx,y € kerds, then df (x) = 0 = dr (y), and so dr (x *y)
<df(x) *de(y)=0*0=0by (3),

and thus df (x *y) = 0, that is, x * y € kerdy, then 0 = df (x) <
f(x) by (1), and so f(x) € X.,

thatis, 0 * f(x) = 0, and thus f(0 * x) = f(x), which that 0 *x =
%, and so x € X,, thatis,

kerd; ] X..

Theorem 6.7: Let be monic of a commutative BCIK-algebra
X. Then X is p-semi simple if and only if

kerds = {0} for every regular f-derivation dr of X.

Proof.
Assume that X is p-semi simple BCIK-algebra and let dsbe a
regular f-derivation of X. Then X, = {0}, and

So kerds = {0} by using Proposition 6.6(4), Conversely, let
kerds = {0} for every regular f-derivation dr of X. Define a self-
map drof X by d*{0) = fx for all x € X. Using Theorem 5.9, d*tis
an f-derivation of X. Clearly, d*s (0) =fo=0* (0 *£(0)) =0, and
so d* is a regular f-derivation of X. It follows from the
hypothesis that ker d*r= {0}. In addition, ds (x) =fx=0* (0 *
f(x)) = f(0 * (0 *x)) = f(0) = 0 for all x € X,, and thus x € ker
d’r. Hence, by Proposition 6.6(4), X € ker d*r={0}. Therefore,
X is p-semi simple.

Definition 6.8: An ideal A of a BCIK-algebra Xis said to be an
f-ideal if f(A) [ A.

Definition 6.9: Let drbe a self-map of a BCIK-algebra X. An f-
ideal A of X is said to be df -invariant if

di(a) O A.

Theorem 6.10: Let dr be a regular (r, 1)-f-derivation of a
BCIK-algebra X, then every f-ideal A of X is

de((A) I A

Theorem 6.11: Let dr be a regular (r, 1)-f-derivation of a
BCIK-algebra X, then every f-ideal A of X is

dr -invariant.

Proof.
By Proposition 6.10(2), we have d¢(x) = f(x) L[ di(x) < f(x)
forall x € X. Lety € df(A). Let y € d¢(A).

Then y = di(x) for some x € A. It follows that y * f(x) = d¢(x) *
f(x) =0 € A. Since x € A, then

f(x) €f(A) U Aas Aisanf-ideal. It follows thaty € A since A
is an ideal of X. Hence ds(A) [ A,
and thus A is ds - invariant.

Theorem 6.12: Let drbe an f-derivation of a BCIK-algebra X.
Then df is regular if and only if every f-ideal of X is de
invariant.

Proof. Let drbe a derivation of a BCIK-algebra X and assume
that every f-ideal of X is dr-invariant. Then

Since the zero ideal {0} is f-ideal and df-invariant, we have ds
({0}) I {0}, which implies that d¢(0) = 0.
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Thus dr is regular. Combining this and Theorem 6.10, we
complete the proof.

7. Regularity of generalized derivations
To develop our main results, the following:

Definition 7.1: [8]. Let & and ¢ be two endomorphisms of
X.Aself-mapd(g,¢): X — Xis called

1. Aninside (8, ¢)-derivation of
(Oxy0xX)(db,¢) (x* y) = (db,¢)®)* O ) L (¢®*
dc6,¢)()),

2. Anoutside (5’ ¢ )-derivation of X if it satisfies:

(Ox y U X dBg *y) = (¢ * dd,g
L WG,¢) x)* ),

3. A (6,¢)-derivation of X if it is both inside (6,¢)-

derivation and an outside (8, ¢ )-derivation .

Example 7.2: [8]. Consider a BCIK- algebra X= {0,a,b} with
the following Cayley table:

*10|lal|b
0/0[0|Db
ala|0|Db
b|b|b |0
Define a map
bif x0{0,a},
d(5,¢]:X - XX f { }
0if x=0b,

and define two endomorphisms
0if xUU{0,a},

0:X 5X x>
bif x =b,

And ¢:X — Xsuch that 8(x) = x forall x LIX.

It is routine to verify that d( 4, ¢ ) is both an inside (6,¢)-

derivation and an outside (8, ¢)-derivation of X.

Lemma 7.3: [8]. For any outside ( 8, ¢ )-derivationd 8, ¢)of
a BCIK-algebra X, the following are equivalent:

L (OxUX)(df,¢)x)=0x Ldb, ¢ )

2. d(5,¢] (0)=0.

Definition 7.4: Letd g, ¢ : X — Xbeaninside (or outside)
(8, ¢)-derivation of a BCIK-algebra X. Thend 6, ¢)issaid to
be regular if d¢g, ¢, (0) = 0.

Example 7.5: The inside (or outside) (&, ¢ )-derivationd
(6, ¢)of Xin Example 7.2. is not regular.

Proposition 7.6: Let d g, ¢ be a regular outside( 6,¢)-

derivation of a BCIK-algebra X. Then

1. Both @(x)andd( 6, ¢) (x) belong to the same branch for
all x [IX.

2. (Ux0X)(db,¢) < 6 (x)).

3. (UxyUX)(db,¢)®* 0= *db,¢) 1)

Proof.
1. Foranyx [IX, we get

0=df,¢)=4d8,¢)(ax*x)

=(0(a)*db,¢)(®) L ((db,¢)(a)* ¢ (x))
=(([d6,¢)@)* ¢ () *((d8,¢) (@) * ¢ X)) *(O(a) *
di6,¢) )

Since B (ax) *d( 6, ¢) x)LJLy(X). Hence O (ay) <d 6, ¢H)(x),
and so d(8, ¢)0V( 8 (ay).

2. Since d(@, ¢) is regular, d(g,¢) = 0. It follows from
Lemma 7.3. that

db,¢)x)=60(x) Ldb,¢) (¥ < 0.

3. Sincedd,¢)(x) < 6 (x) for all x [JX, we have
d8,¢)(*0M<OX*O(y) <0(x)*db,¢) ()

If we take @=¢ = f in proposition 7.6, then we have the
following corollary.

Corollary 7.7: [6]. If d; is a regular (r, 1)-f-derivation of a
BCIK-algebra X, then both f(x) and d¢(x) belong to the same
branch for allx [X.

Now we provide conditions for an inside (or outside)
(8, ¢ )-derivation to be regular.

Theorem 7.8: Letd( &, ¢ ) be an inside (8, ¢ )-derivationofa
BCIK-algebra X. If there exists al] X such that

d(8,¢) (x)* B(a) = 0 forall x UX, then d( 8, ¢ is regular.
Proof. Assume that there exists al] X such thatd( &, ¢ (x) *
6 (a) = 0 for all x L1X. Then

0=d(8, ¢) (x*a)=((d 8, ¢ ¥)* I @) L ¢ (x)*d 8, ¢)())*a
=0 L (¢x)*db,¢)(@)*a=0*a,

Andsodc6,¢)(0)=dB,¢)(0*x)=(db,¢)(0)* B(a)) =
0.Hence d(g, ¢) is regular.

Theorem 7.9: If Xis a BCIK-algebra, then every inside (or
outside) (8, ¢)-derivation of X is regular.

Proof. Letd @, ¢)beaninside ( 8, ¢ )-derivation of a BCIK—
algebra. Then

dcd,¢)(0)=dc6,¢)(0*x)

=(d8,¢)(0)* () L (¢(0)Ldcb,¢)(x)
=(d8,¢)(0)* 6(x)) L 0=0.

Ifd 8, ¢)is an outside ( 6, ¢ )-derivation of a BCIK—algebra
X, then

dcd,¢)(0)=d8,¢)(0*x)

=(6(0)*d8,¢)(x) L (db,¢)(0)* 6(x)

=0 L (db,¢)(0)* 8(x)=0.

Hence d( g, ¢ ) is regular.

To prove our results, we define the following notions:

Definition 7.10: For an inside (or outside) (6,¢)-
derivationd (4, ¢ ) of a BCIK-algebra X, we say thatan ideal A
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of X, we say that an ideal A of X is a @-ideal (resp. ¢ -ideal) if
6(A) O A (resp. ¢ (A) [ A).

Definition 7.11: For an inside (or outside) (6,¢)-
derivationd (4, ¢ of a BCIK-algebra X, we say thatan ideal A
of X, we say that an ideal A of X is d( 5,¢]-invariant if
dd, ¢, A

Example 7.12: Let d( &, ¢ be an outside ( 6, ¢ )-derivation

ofX which is described Example 7.2. we know that A := {0,a}
isboth a @ -ideal and ¢ -ideal of X. But A := {0,a} is an ideal

of X which is not d¢ 8, ¢)-invariant.

Theorem 7.13: Letd( &, ¢ beaoutside ( 8, ¢)-derivation of
a BCIK-algebra X. Then every & -ideal of X is dq 6,¢y
invariant.

Proof. Let A be a & -ideal of X. Since d o, ¢ is regular, it
follows from Lemma 7.3 that d(d,¢) = O(x) Ld6,¢)
(x) < B (x) forall x UX. Lety ] Xbe such thaty[1d (8, ¢) (A).
Then y = d(6,¢)(x) for some x LI A. Thus y *G(x) =
d6,¢)(x)* 8(x)=00 A.

Note that & (x)[J & (A) L] A. Since A is anideal of X, it follows
that yL| A so that d( &, ¢)(A) U A. Therefore Ais d 6, ¢)-

invariant.
If we take €=¢= 1x in Theorem 7.13. 1x is the identity
map, then we have the following corollary.

Corollary 7.14: [4]. Let d be a regular (r, 1)-derivation of a
BCIK-algebra X. Then every ideal of X is d-invariant.

If we take 9=¢= f in Theorem 3.13, then we have the
following corollary.

Corollary 7.15: [6]. Letdrbe aregular (r, 1)-f-derivation of a
BCIK-algebra X. Then every f-ideal of X is d( 8, ¢)-invariant.
Theorem 7.16: Letd( g, ¢ ) be an outside ( 6, ¢ )-derivation
of a BCIK-algebra X. If every @ -ideal of X is d(6, ¢

invariant, then d @, ¢ is regular.

Proof. Assume that every @-ideal of X is d¢4, ¢)-invariant.
Since the zero ideal {0} is clearly & -ideal and d 6,¢y
invariant, we have d( &, ¢ ({0}) [J {0}, and so

d(d,¢)=0.Henced g, ¢)is regular.

Combining Theorem 7.13. and 7.16, we have a
characterization of a regular outside ( 8, ¢ )-derivation.

Theorem 7.17: For an outside ( &, ¢ )-derivationd &, ¢yofa
BCIK-algebra X, the following are equivalent:
1. d(,¢)isregular.

2. Every 8 -ideal of Xis d( 8, ¢)-invariant.

If we take d=¢= 1x in Theorem 3.17. where 1x is the
identity map, then we have the following corollary.

Corollary 7.18: [4]. Let d be an (r, 1)-derivation of a BCIK-
algebra X. Then d is regular if and only if every ideal of X is d-
invariant.

If we take¢9=¢= f in Theorem 3.17, then we have the
following corollary.

Corollary 7.19: [6]. For an (r, 1)-f-derivation dr of a BCIK-
algebra X, the following are equivalent:

1. drisregular.

2. Every f-ideal of X is ds-invarient.

CONCULUTION
In this present paper, we have consider the notions of

regular inside (or outside) (49,¢)-derivation, G-ideal, ¢-
ideal and invariant inside (or outside) (&, ¢ )-derivation ofa

BCIK-algebra, and investigated related properties. The
theory of derivations of algebraic structures is a direct
descendant of the development of classical Galosis theory. In
our opinion, these definitions and main results can be
similarly extended to some other algebraic system such as
subtraction algebras, B-algebras, MV-algebras, d-algebras, Q-
algebras and so forth.

In our future study the notion of regular ( &, ¢ )-derivation

on various algebraic structures which may have a lot

applications (49,¢)-derivation BCIK-algebra, may be the

following topics should be considered:

1. To find the generalized (&, ¢)-derivation of BCIK-
algebra,

2. Tofind moreresultin (&, ¢ )-derivation of BCIK-algebra

and its applications,
3. Tofindthe( o, ¢ )-derivation of B-algebras, Q-algebras,
subtraction algebras, d-algebra and so forth.

Acknowledgment

The author would like to thank Editor-in-Chief and referees
for the valuable suggestions and corrections for the
improvement of this paper.

References

[1] Y. Imai, K. Iseki, On axiom systems of propositional
calculi X1V, proc. Japan Academy,42(1966), 19-22.

[2]  Y.B.Junand X.L. Xin On derivations of BCI - algebras,
inform. Sci., 159(2004), 167-176.

[3] S Rethina Kumar, “Solvable Pseudo Commutators
BCIK-Algebras’, International Journal of Research
Publication and Reviews Vol(3), Issue(2)(2021) Page
269-275, March 2021.

[4] S Rethina Kumar, “t-Regular t-Derivations On p-
Semisimple BCIK-Algebras” EPRA International
Journal of Multidisciplinary Research. Volume 7, Issue
3, pp-198-209, March 2021.

[5] S Rethina Kumar “Pl-Lattices a Classical of bounded
Commutative BCIK-Algebras” International Journal of
Scientific Research in Mathematical Statistical
Science, Recently Summited on March 2021.

[6] S Rethina Kumar “f-Regular f-Derivations on f-Semi
simple BCIK-Algebra”. International Journal of
Multidisciplinary Research Review, Volume 7, Issue 3,
pp37-56, March 2021.

[71  SRethina Kumar “Regular Left Derivations On p-semi
simple BCIK-algebra”. International Journal of Trend
in scientific Research and Development. Volume 5,
Issue 3, pp559-602, March 2021.

[8] Generalizations of derivations in BCI-algebras, Appl.
Math. Inf. Sci. 9 (2015).

@IJTSRD | Unique PaperID - IJTSRD39949 |

Volume -5 | Issue-3 |

March-April 2021 Page 727



