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ABSTRACT 

In this paper, a special class of standard cubic congruence of composite 

modulus is studied and formulated the solutions. The discussion is 

presented here. This cubic congruence has three types of solutions. In first 

case, it has exactly 3 incongruent solutions; in second case, it has nine 

incongruent solutions and in third case it has twenty

solutions. First time a suitable formulation is available for a class of 

standard cubic congruence. So, formulation is the merit of the paper.
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INTRODUCTION 

If� is a positive integer, then the congruence

�	����	�� is called a standard cubic congruence of 

composite modulus. Also, if � is cubic residue of the 

modulus m, then the congruence is said to be solvable. If 

the congruence is solvable, then � can be written as 

�	 ≡ �	����	��, �	����	�	�����	��	�. 

	��	����	���	��	�������Congruence can 

�	 ≡ �		����	��. 

In this paper the author considered the congruence:

�	 ≡ �		����	��� for formulation of its solutions in three 

different cases. 

PROBLEM-STATEMENT 

Here the problem is-“To formulate the solutions of the 

standard cubic congruence of the type:  

�	 ≡ �	����	��	��	���	�������	����

	��� � �:	��	�  3�, �	����	�	"������	�����

��� � ��:	��	� # 3�, �	����	���	"������	

��� � ���: ��	� # 3�, �	����	��	"������

LITERATURE REVIEW  

In the literature of mathematics, nothing is found about 

solving standard cubic congruence of prime and composite 

modulus. Only a definition is seen in the book of 

Zuckerman [1] and Thomas Koshy had defined only a 

cubic residue, page-548 [2]. David M Burton [3] in his 

book:“Elementary Number Theory”, in the page no. 166, 

used the Theory of Indices to solve standard cubic 
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is a positive integer, then the congruence �	 ≡

is called a standard cubic congruence of 

is cubic residue of the 

modulus m, then the congruence is said to be solvable. If 

can be written as 

Congruence can be written as: 

In this paper the author considered the congruence: 

for formulation of its solutions in three 

“To formulate the solutions of the 

���� 

�����; 

	�����; 

"������	�����	". 

In the literature of mathematics, nothing is found about 

of prime and composite 

modulus. Only a definition is seen in the book of 

Zuckerman [1] and Thomas Koshy had defined only a 

548 [2]. David M Burton [3] in his 

book:“Elementary Number Theory”, in the page no. 166, 

ces to solve standard cubic  

 

congruence of prime modulus but established no formula 

for solutions. No pre-formulation is found for the 

congruence considered here. Only the author’s 

formulations on standard cubic congruence of composite 

modulus are found in the literature of mathematic

[5], [6]. Here is one more standard cubic congruence of 

composite modulus is considered for formulation of 

solutions. 

ANALYSIS & RESULTS 

Consider the congruence�	 ≡

Case-I: Let� # 3�, n positive integer 

&�  3�, �	����	��&	"������

Then the congruence reduces to:

For solutions, consider � ≡ 3

Then, �	 ≡ �3�'() * �	�		����

≡ �3�'()	�	 * 3. �3�'()	�+. �

≡ 3	�'	)	 * 3. 3+�'+)+ * 3. 3

≡ 3�)�3+�'	)+ * 3�'() * 1�

≡ �		����	3�� 

Thus it is seen that � ≡ 3�'

cubic congruence and hence must give all the solutions.

But it is seen that for) # 3, 

to: 

� ≡ 3�'(. 3 * �	����	3�� 
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congruence of prime modulus but established no formula 

formulation is found for the 

congruence considered here. Only the author’s 

formulations on standard cubic congruence of composite 

modulus are found in the literature of mathematics [4], 

[5], [6]. Here is one more standard cubic congruence of 

composite modulus is considered for formulation of 

≡ �	����	��. 

, n positive integer 

"������	�����. 

Then the congruence reduces to:�	 ≡ �	����	3��. 

3�'() * �	����	3��. 

���	3�� 

* 3. 3�'(). �+ * �		����	3�� 

3�'() * �	����	3�� 

� * �	����	3�� 

'() * �	����	3�� satisfies the 

cubic congruence and hence must give all the solutions. 

 the solution formula reduces 
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≡ 3� * �	����	3�� 

≡ 0 * �	����	3�� 

This is the same solution as for ) # 0. 

Also if ) # 4 # 3 * 1, then the solution formula reduces 

to: 

� ≡ 3�'(. �3 * 1� * �	����	3�� 

≡ 3� * 3�'( * �	����	3�� 

≡ 3�'( * �	����	3�� 

This is the same solution as for ) # 1. 

Therefore, all the solutions are given by: 

� ≡ 3�'() * �	����	3��; ) # 0, 1, 2. 

This gives 3	����������	���������	��	��	��������. 

Therefore, the result of this discussion is that the standard 

cubic congruence of composite modulus: �	 ≡

�		����	3�� has 3 solutions given by: 

� ≡ 3�'() * �	����	3��; ) # 0, 1, 2. 

Case-II: Let � # 3�, �	����	��	���	"������	�����. 

Then the congruence reduces to:�	 ≡ �3��	����	3��. 

For solutions, consider � ≡ 3�'+) * 3�	����	3��. 

Then, �	 ≡ �3�'+) * 3�	�		����	3�� 

≡ �3�'+)	�	 * 3. �3�'+)	�+. 3� * 3. 3�'+). �3��+

* �3��		����	3�� 

≡ 3	�'0)	 * 3. 3+�'1)+. 3� * 3. 3�'+). �3��+

* �3��	����	3�� 

≡ 3�)�3+�'0)+ * 3�'+)� * 3�+� * �3��	����	3�� 

≡ 0 * �3��		����	3�� 

Thus it is seen that � ≡ 3�'+) * 3�	����	3�� satisfies the 

cubic congruence and hence must give all the solutions. 

But it is seen that for) # 3+ # 9, the solution formula 

reduces to: 

� ≡ 3�'+. 3+ * 3�	����	3�� 

≡ 3� * 3�	����	3�� 

≡ 0 * 3�	����	3�� 

This is the same solution as for ) # 0. 

Also if ) # 10 # 3+ * 1, then the solution formula reduces 

to: 

� ≡ 3�'+. �3+ * 1� * 3�	����	3�� 

≡ 3� * 3�'+ * 3�	����	3�� 

≡ 3�'+ * 3�	����	3�� 

This is the same solution as for ) # 1. 

Therefore, all the solutions are given by: 

� ≡ 3�'+) * 3�	����	3��; ) # 0, 1, 2, ………… . .8. 

This gives 9	����������	���������	��	��	��������. 

Therefore, the result of this discussion is that the standard 

cubic congruence of composite modulus: �	 ≡

�3��		����	3�� has 9 incongruent solutions given by: 

� ≡ 3�'+) * 3�	����	3��; ) # 0, 1, 2……… . .8. 

Case-III:Let � # 3�, �	����	��	��	"������	�����. 

Then the congruence reduces to:�	 ≡ �3��	����	3��. 

For solutions, consider � ≡ 3�'	) * 3�	����	3��. 

Then, �	 ≡ �3�'	) * 3�	�		����	3�� 

≡ �3�'	)	�	 * 3. �3�'	)	�+. 3� * 3. 3�'	). �3��+

* �3��		����	3�� 

≡ 3	�'5)	 * 3. 3+�'0)+. 3� * 3. 3�'	). �3��+

* �3��	����	3�� 

≡ 3�)�3+�'5)+ * 3�'1)� * 3�+� * �3��	����	3�� 

≡ 0 * �3��		����	3�� 

Thus it is seen that � ≡ 3�'	) * 3�	����	3�� satisfies the 

cubic congruence and hence must give all the solutions. 

But it is seen that for) # 3	 # 27, the solution formula 

reduces to: 

� ≡ 3�'	. 3	 * 3�	����	3�� 

≡ 3� * 3�	����	3�� 

≡ 0 * 3�	����	3�� 

This is the same solution as for ) # 0. 

Also if ) # 28 # 3	 * 1, then the solution formula reduces 

to: 

� ≡ 3�'	. �3	 * 1� * 3�	����	3�� 

≡ 3� * 3�'	 * 3�	����	3�� 

≡ 3�'	 * 3�	����	3�� 

This is the same solution as for ) # 1. 

Therefore, all the solutions are given by: 

� ≡ 3�'	) * 3�	����	3��; ) # 0, 1, 2, ………… . .26. 

This gives 27	����������	���������	��	��	��������. 

Therefore, the result of this discussion is that the standard 

cubic congruence of composite modulus: �	 ≡

�3��		����	3�� has 27 incongruent solutions given by: 

� ≡ 3�'	) * 3�	����	3��; ) # 0, 1, 2……… . .27. 

ILLUSTRATIONS:  

Example-1: Consider the congruence �	 ≡ 8	����	81�. 

It can be written as �	 ≡ 2	����	31�. 

It is of the type �	 ≡ �	����	3��	8���	� # 2, � # 4. 

It has exactly three incongruent solutions given 

by:	� ≡ 3�'() * �	����	3��, ) # 0, 1, 2. 

≡ 31'() * 2	����	31� 

≡ 27) * 2	����	81�; ) # 0, 1, 2. 

≡ 2, 29, 56	����	81�. 

These are the three solutions of the congruence. 

Example-2: Consider the congruence 

�	 ≡ 729	����	2187�. 

It can be written as �	 ≡ 9	����	3:�. 

It is of the type �	 ≡ �	����	3��	8���	� # 9 # 3�3, � # 7. 

It has exactly nine incongruent solutions given by: 

	� ≡ 3�'+) * �	����	3��, ) # 0, 1, 2, 3… . .8. 
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≡ 3:'+) * 9	����	3:� 

≡ 243) * 9	����	81�; ) # 0, 1, 2, 3……8. 

≡ 9, 252, 495, 738, 981, 1224, 1467, 1710, 1953	����	2187� 

These are the nine incongruent solutions of the 

congruence. 

Example-3: Consider the congruence 

�	 ≡ 216	����	2187�. 

It can be written as �	 ≡ 6	����	3:�. 

It is of the type �	 ≡ �	����	3��	8���	� # 6 # 3�2, � # 7. 

It has exactly 27 incongruent solutions given by: 

	� ≡ 3�'	) * �	����	3��, ) # 0, 1, 2, 3… . .25, 26. 

≡ 3:'	) * 6	����	3:� 

≡ 81) * 6	����	2187�; ) # 0, 1, 2, 3……25, 26. 

≡ 6, 87,168, 249, 330, 411, ………… .2031, 2112	����	2187� 

These are the twenty-seven incongruent solutions of the 

congruence. 

CONCLUSION 

In the conclusion, it can be said that the standard cubic 

congruence: �	 ≡ �	����	3�� has exactly three solutions 

given by � ≡ 3�'() * �	����	3��; ) # 0, 1, 2 if �  3�. 

But if � # 3�, �	����	��	���	"������	�����, the cubic 

congruence has exactly nine solutions given by 

� ≡ 3�'+) * �	����	3��; ) # 0, 1, 2, ………… . . ,8. 

Also if � # 3�, �	����	��	��	"������	�����, the cubic 

congruence has exactly twenty seven solutions given by: 

� ≡ 3�'	) * �	����	3��; ) # 0, 1, 2,………………………., 26. 

MERIT OF THE PAPER 

The author’s formulation of solutions of the cubic 

congruence under consideration made the finding of 

solutions easy and time-saving. A large number of 

solutions can be obtained in a short time with an easy 

efforts. Thus formulation of solutions is the merit of the 

paper. 
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