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ABSTRACT

In this paper, the generalized gamma functions of the first and second types
are firstly introduced and investigated. It can be proven that the traditional
gamma function is a special case of the first type of generalized gamma in
function. Besides, the iterative formula of the generalized gamma function
will be fully derived. Finally, a numerical example is provided to illustrate

the validity and effectiveness of our main result.
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1. INTRODUCTION

As we know, the gamma function first arose in regard to
the interpolation problem for factorials. In conjunction
with the factorial function, the gamma function is a
generalization of the factorial function. In recent years,
various gamma functions have been widely studied and
explored; see, for example, [1-4] and the references
therein. The above literatures show that gamma functions
play a pivotal role in academic analysis and engineering
applications. In this paper, generalized continuous
functions of the first and second types will be firstly
proposed. The purpose of this paper is to analyze the
generalized gamma functions, and then derive the
iterative formula of such functions. Finally, an example is
provided to illustrate the applicability and validity of the
main result.

2. PROBLEM FORMULATION AND MAIN RESULTS
Before presenting our main result, let us introduce
generalized gamma function.

Definition 1. The generalized gamma function of the first
type Gc(a, a) is defined by

G. (a, a) = f: x? e ™ cosaxdx , with a >0.
The generalized gamma function of the second type
G, (a, a) is defined by

G, (a, a) = Iom x* e ™ sinaxdx, with a >0.

Remark 1. Note that the gamma function [1], defined by

I(a) =J0mx”_le_x dx, can be regarded as a special case of
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the generalized gamma function of the first type in view of
F@) =60, a).

Lemma 1. For any a0, one has

(1) G.(a,1)= 21 :

a +1
a
2 G la,1)= .
@  Glal)z——
Proof. Two cases are separately discussed as follows.
Case 1: (a = 0)

In this case, one can obtain

o

G.(0,1)=[e"dx =1 and

=}

©

GV(0,1)=j0dx=0. (1)

=}

Case 2: (a Z 0)

Using the integration by parts, it can be obtained that

_. 1 . 1 -, .
J.e “cosaxdx=—e™" s1nax+—je *sin ax;
a a

. 1 _ 1, _,
J.e “sinaxdx=—-—e "cosax——J.e * cos ax.
a a

It is easy to see that

G.(1)=1G,(a 1)
a

1.1

a a

G (a,1)= G.(a.1)
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It results

G. (a, 1) = za

and Gs(a, 1)= R
a

(2)

a®+1

In summary, from (1) and (2), we conclude that

G. (a, 1) =

;1 and G, (a, 1) =

a
> . This completes our
a + 1

a’+

proof.

Now we present the recursive formula for the generalized
gamma function.

Theorem 1. Forany a0 and a >0, one has
a | -a

G((a’a+1) a’ +1 : a’ +1 G((a’a)

G (a,a+1 aa ' a |1G(a.q)

a’+11 a*+1
Proof. Two cases are separately discussed as follows.
Case 1: (a = O)

In this case, using the integration by parts, one can obtain
G.(0.a+1)=a .0, a), (3a)

G.(0.a+1)=0. (3b)

Case 2: (a # 0)
Using the integration by parts, it can be obtained that

_ 1 .
Jx”e “cosaxdx =—x"¢" sinax
a

a g 1 .
——jx"’ le "smaxdx+—jx”e * sin ax dx;
a a
a _—x _: 1 a _—x
jx e “sinaxdx=—-—x"e " cosax
a

a - - 1 -
+—J.x‘7’ le ‘cosaxdx——J.xae * cosaxdx,
a a

this implies

Jxae_‘” cosaxdx = —; Ix”_'e_‘” cosaxdx
a +1

aaq 1 -y -
- Ix” le™ sin axdx
a” +1
1 _
———x"¢ " cosax
a +1
+— x%e ™ sinax
a” +
and
Ix”e”‘ sin axdx = — . J'x”'le”‘ cosaxdx
a” +

a 1 —x -
+— jx” le™ sin ax dx
a +1

and

6 (. +1)= 29 (o.)
@ (4b)
+a2+ Gs(a, a')

This completes our proof, in view of (3) and (4).

Based on Lemma 1 and Theorem 1, we may readily obtain
the following result.

Corollary 1.

|
|
— 1
Ai = g__tL-:,.Q-i‘.l s 07 ON.
|
|

3. ILLUSTRATIVE EXAMPLE
Consider the following definite integrals:

©

x’e *cos2xdx and IxZe_x sin2xdx .
0

o—38

Thus, by Corollary 1 with a =2, it can be deduced that

)

0

4. CONCLUSION

In this paper, the generalized gamma functions of the first
and second types have been introduced and investigated.
It can be proven that the traditional gamma function is a
special case of the first type of generalized gamma
function. Besides, the iterative formulas of the generalized
gamma function have been fully derived. Finally, a
numerical example has been provided to illustrate the
validity and effectiveness of our main result.
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