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ABSTRACT

In this paper first we generalizes the Hilbert-Adjoint of a linear operator and
showed that it is always closed for any linear operator with the condition that

the domain of the operator is dense.

We also proved that "Let J be a closed operator defined in H with dense

domain then D(J*) is dense and J**=]."

We also proves Closed graph theorem for complex Hilbert spaces as a

corollary of our results.
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INTRODUCTION
In this Paper we take H as the complex Hilbert space and D(J)
denotes the domain of a linear operator J.

In section 1 we generalizes the Hilbert- Adjoint for any linear
operator with dense domain in H and prove

"If ] is defined everywhere on H. Then its Hilbert-adjoint is
bounded."

In section 2 we first define closable operators and show with
the help of an example that every operator need not closable
and if it is closable then graph of its closure is equals to the
closure of its graph.

In Section 3 we proved our result
"Let ] be a closed operator defined in H with dense domain
then D(J*) is dense and J**=J."

As a result of which Closed graph Theorem for Complex
Hilbert Spaces comes out as Corollary.

1 Hilbert-Adjoint

1.1 Definition: Let/: H — H be a bounded operator then its
Hilbert adjoint always exists [2] and is also a bounded linear
operator J* defined everywhere on H such that

Upy) = (eJYIVopeH
or
Upp)=(en) and  JPp=n(1)

1.2 Remark: We can use (1) to generalizes the Hilbert
Adjoint of any operator.
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1.3 Lemma: Let/ : D(/) — H be any operator then J*i) = in
(1) is unique iff

D(J) = H. (i.e the domain of ] is dense in H.)

Proof: Let J*th = n in (1) is unique. Suppose D()+H
=306=u € H such that
pLDT) = pnlDT)
= (o) = 0V oeD(J)
From (1) we have
Upy) = (en) +0

(en) + (o)
(pn+u) Y @ €D())

Which contradicts the uniqueness of / : D(J) = H. Hence D(J)
=H.
Conversely

Let the domain of J is dense in H. Then

(Jo,v) (¢.n)
(o, +p) ¥V ¢ € D(J)
= (¢, 1) 0V ¢eD(J)

=ulDJ) = pl

Hence unique.

(J) = {0}

1.4 Remark: Lemma 1.3 shows that Hilbert-Adjoint of any
linear operator J exists iff the domain of / is dense. Now using
this Lemma we generalizes the definition of Hilbert-Adjoint
for any linear operator.
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1.5 Definition Let ] : D(J) = H be any linear operator whose
domain is dense the its Hilbert-Adjoint exists and is a linear
operator J*: D(J*) = H such that D(J*) contains all i € H such

that 3 n with (Jo,)) = (,n) V¢ €D(T) and J*y =1

Proposition 1.6: Let/ be an operator defined everywhere on
H.Then J*is bounded.

Proof: Suppose J*is unbounded. Then 3 a sequence (vi) each
of norm 1 and ||J*va|| & o as n - oo For each n define a

functional P» on H by Pn(¢@) = (J,vn) = (¢,J*va) By Schwarz
Lemma [2] we have

|Pn(@)| = [(@J vn)
< |lell[[Jval| V@ € H

-~ Pnis bounded for all n. For each ¢ € H again by Schwarz
Lemma we have

|Pa(¢)] |Up,vn)l

el vV n

IA 11

Then By Uniform Boundness Theorem [1] the sequence
[|(Pn)]] is bounded.

= 3 K> 0 such that
||Pn|| < KVn

= [(Jvafova)| =

< ||Pall1val|

< K{|J*vnl|

= [Jval| € KV n

|Pn(]*Vn)|

= the sequence (||/*vn||) is bounded which is a contradiction.
Hence J*is bounded.

2. Closed Linear Extension:
21 Definition(Closed operator): An OperatorJ : D(J)
— His said to be closed if its graph v(J) = {< ¢,J >: @ € D(J)}
is closed in H x H, where the inner product on H x H is given
by

(cop><nu>)=(en)+ (b

Notation /™ is said to be an extension of J if

D(J) cD(J) and J|D()) =]
or
v(/) c v()
denoted by Jc J
2.2 Definition (Closable): A linear operatorJ is said to

be closable if ] has an extension which is closed.

E] is closable then J has a minimal closed extension called
closure denoted by J.[1] 2.3 Proposition: if/ be any closable
operator then

v() =v()

Proof: Let J be any closable operator = ] exists.
Let L be any closed extension of J

=uv(J) C v(L)
=uv(J) C v(L)

= v(J) cu(L) (- Lis closed)

Define an operator P with domain

D(P) = {u:<pun>€v(D}

Pu = n

Claim: P is well defined
Let

Pu=n1 and Pu=n2

<
—_

~
~—

=< [, >, < [,y >
=<0, — 19 >

=1
Hence well defined. Also

S
€

~

—
~

N

-~
-~ €
[ %]
—

=P C L

As L is arbitrary. Therefore P is a minimal closed extension
of ]

=P = J. Hence the result.

2.4 Remark A natural question arises here that if we want to
take the closure of any linear operator J then we can take the
closure of v(J) in HxH then just find a operator

whose graph is equals to v(J).But this is not always possible
we constructed an Example 2.5 below.

2.5 Example: Let H be any separable Hilbert Space with
countable orthonormal basis {n«}. Let e be an element of H
which is not a finite linear combination of {n}. Let

o0

D ki (2)

e n=1

Define an operatorJ : D(J) — H, where
D(J) = set of all the finite linear combination of {n«} and e and

N
J(ae +Xcink) = ae
i=1
Clearly J is linear -
Claim:<ee >,<e0> € v())
As
e € D(J) and Je=e
=<ee> € wu(J)Cu(J)

=e,e > e wv(J)

Also, for each N define
N
Y =Xcrnnien € D(J) and Jyn=0V N
k=1
= || <y Sy > —<e,0> |2 =

=<e,0> € wv(J)

By (2))
Suppose 3 an operator L whose graph is v(J)

= Le = e and Le = 0. Which contradicts the uniqueness.
Hence there is no operator whose graph is v(J)
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3. Main Results

Theorem 3.1 Let X: H x H = H x H be an operator given by
X<nu>=<u-n>

. Then for any linear operator | defined in H with dense

domain we have

v() = X))
Moreover J*is closed

Proof: Clearly, X is linear.
Let <nu>€H x HThen 3 < -u,n >€ H x Hsuch that
X<-pn>=<nu>

~ Xis surjective Also
IX<nu>12  =ll<p-n>|?

= ||l + {Inl|?

=l <nu>|[?

~ Xis a surjective isometry hence unitary

Claim: v(J*) = [X(v())]*

Let
<nu>€[XvMte (<nu>X<@lp>)=0V ¢ € D())
& (<nu><Jo-¢>)=0V ¢eD())
S <nJo>=<ue >V @ eD())
S <Jon>=<@pu>V @ eD())
Sneb()Jn=u
S <nu>ev()

As the graph is closed. Hence J*is closed

Theorem 3.2 Let ] be a closed operator defined in H with
dense domain then D(J*) is dense and J** =]

Suppose D(J*) is not dense. Then 3 0 6= 5 such that

(n,¢) = 0V ¢eD(J)
= (n.¢) +(0,J9¢) 0V ¢eD(J)
= (<n,0> <o, Jop>) = 0VoeDJ
=< -n,0> € [DJY*
=<0,np> € [Xv(J)"

= wu(J)

As n 6= 0 then there is no linear operator with graph v(Jj).
which is a contradiction to J is closed.

~ D(J*) is dense = J** exists. Then from Theorem 3.1 and (3)
we have
v(J) = [Xv()]+=v())
=J=J"
Corollary 3.3:(Closed graph Theorem) A closed operator |
defined everywhere on H then J is bounded.

Proof: As ] is a linear operator defined everywhere on H.
Then J* exists and By Proposition 1.6 it is also bounded.

Also By Theorem 3.1 we have J* is closed = D(J*) is closed
[2]. By Theorem 3.2 we have

D(J*) = H
=DJ) = H
andJ* T=J]

= J*is defined everywhere on H.

Proof: As Then again By Proposition 1.6 we have J**is bounded
v(J) = [v()*'*t Hence J is bounded
— 2 L1l L. y2
- I[(;Znti(tjl ; X REFERENCE
= (KOOI Xis unitary) T malysie Vol 1. Academic press 1980,
= [Xv(J9)]* (~ By Theorem 3.1) (3) =48 ’ ’
[2] Kreyszig, Erwin. Introductory functional analysis with
As ] is closed applications. Vol. 1. New York: wiley, 1978.
;] — 7 [3] Rudin, Walter. Principles of mathematical analysis.
=J = . Vol. 3. New York: McGraw-hill, 1964.
= ’U(J) - ’U(J) [4] Jacobson Nathan, Lie algebras. Interscience
= [Xv(JY)* Publishers,New York (1979).
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