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ABSTRACT

In this paper, we introduce definition for fractadi Definition: Let f be a continuous function of fo
quadrupleLaplace transform of order,0 <a < 1, for variables; then the quadruple Laplace transform
fractional differentiable functions. Some m: f(w,x,y,z) is defined by

properties and inversion theorem of fractic

quadruple Laplace transform are established. Fy! LyxyzfW,x,y,2) = F(p,q,1,5) (1)
the connection between fractional quadruple Lap

transform ad fractional Sumudu transform & 0 ©

presented. =jjjfe‘pwe‘qxe_rye‘szf(w,x,y,z)dwdxdydz

KEYWORD: quadruple Laplace transform, Sumudu ° four

transform, fractional Difference. Where w,x,y,z > 0 and p,q,r,sare Laplace
variables, and

INTRODUCTION

There are different integral transforms in mathees: ¢y, x y, 7)

which are used in astronomy, physics and als 7. B+ioo y+ioo

engineering. The integral transforms were vas 1 pw[ 1 qx[ 1 Ty[ 1

applied to obtain the solution of differential etjoas; 27Ti 27Ti 27l 27l

therefore there are different kinds of intec “—i“;”w K —io y—ie

transforms like Mellin, Laplace, and Fourier and

on. Partial differential equations are considenee of f e* F(p,q,7,s)dz]dyldx]dw

the nost significant topics in mathematics and oth S—iw

There are no general methods for solve tl is the inverse Laplace transfo

equations. However, integral transform method is

of the most familiar methods in order to get  Fractional Derivative via Fractional Difference
solution of partial differential equations [1, 2h [3, Definition: let g(t) be a continuous function, but r
9] quadruple Laplace transform and Sum necessarily differentiable function, then the for
transforms were used to solve wave and Poi operator FW(h) is defined as follov FW (h)g(t) =
equations. Moreover the relation between them g(t+h), Where h>0 denote a constant
their applications to differential equations hawexn discretization span.

determined and studied by [6]. In this study we

focus on qudruple integral determined and studied Moreover, the fractional difference (g(t) is known
[5, 6]. In this study we focus on quadruple inté¢ as

transforms. First of all, we start to recall thdimiéon A%g(t) = (FW — h)%g(t)

of quadruple Laplace transform as follc. a
= > om0 ) gt + (@—mhy
m=0 m
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Where0 < a < 1, Fractional quadruple Sumudu Transform
And thea-derivative of(t) is known as Recently, in [13] the author defined quadruple
A% g(t) sumudu transform of the function depended on two

(@) =1 . .
gew = 1,{{{)1 ha variables. Analogously, fractional quadruple sumudu

See the details in [9, 10]. transform was defined and some properties were
given as the following
Modified Fractional Riemann-Liouville Derivative
The author in [10] proposed an alternative defimiti Definition: [14] The fractional quadruple sumudu
of the Riemann-Liouville derivative transform of functiorf(x, t) is known as
Salf(x,y,z,)} = Gz(p,q,7,59),
Definition: let g(t) be a continuous function, but not ~ (* [~ (% *
necessarily differentiable function, then _j; J;) J;) J;) Eo(=(x+y+2z

Let us presume thag(t) =K , whereK is a + N f(px, qy, 72, st)(dx)*(dy)*(dz)*(dt)®
constant, thusa-derivative of the functiong(t)

isDEK = {Kr_l(l -t , a S. 0, Wherep,q,1,s €C, x,v,z,t >0 and
0, otherwise. E.(x) = Zw x™m

On the other hand, wheng(t)# K hence alX) = meo(am + 1)
g(®) =g + (g(®) — g(0)), is the Mittag-Leffler function.
and fractional derivative of the functiory(t) will
become known as Some Properties of Fractional Quadruple Sumudu

9@ (t) = DFg(0) + DF(g(t) = g(0)), Transform
at any negative, (o < 0) one has We recall some properties of Fractional Quadruple

D;"(g(t) — g(O)) Sumudu Transform

. t SE{ f(ax, by, cz,dt)} = G;(ap, bq,cr,ds),
_ £ m)-a-1 dn.a < 0, SHf(x—a,y—bz—ct—d)}
I'(—a) Of( ny g () = E,(—(a+b+c+d)¥GCi(ap,bq,cr,ds),
While for positivea, we will put Sé{ai"f(ax, by, cz,dt)}
DE(g(t) — g(0)) = DEg(t) = D,(g@ ). _ Ga®,q7,5) —TA+a)f(0,xy,2) @

Whenm < a < m + 1, we place u®

g9® = (g™,

. : . I
m<a<m+lm>1. whered{ is denoted to fractional partial derivative of

ordera (see [10]).

Integral with Respect to(dt)“
The next lemma show the solution of fraction
differential equation

ain Results
he main results in this work are present in the
following sections

dy = g(©)(dt)*,t =2 0,y(0) = 0 (2)

By integration with respect i) Quadruple Laplace Transform of Fractional order

Definition 6: If f(x,y,z,t) is a function where

. . . x,v,z,t >0, then Quadruple Laplace Transform of
Lemma: If g(t) is a continuous function, so theFrgctionaI order of]?(x % Zpt) is dF()efined 4

solution of (2)1 is defined as the following 4 (F(x,y,2,)} = E*(p, q,7. 5) 5)
y@) = | gmdn)?, y(0)=0 % pw oo po
J- =j;) J;) J;) jOEa(—(px+qy+rZ
1 +st)*)f (x,y, 2, £)(dx)*(dy)* (dz)* (dt)“

— _ a—-1
B af(t m*gdn, 0<a<1 (3) Wherep, q,7,s € C and E,(x) is the Mittag-Leffler

0 -
For more results and varies views on fraction llmcuon'

calculus, see for example [15, 16, 17, 18, 19220,
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Corollary 10.1 By using the Mittag-Leffler property 1 pqrs
then we can rewrite the formula (5) as the follayvin = gapacaga’@ (_ )

a’'b’c'd
Lalf(x,y,2,0)} = B/ (p,q,7,5) N
3. Shifting property

N " ’ o Lot LB{fxyz0)=Flpqrs)  then
= [ [ [ ] Bt o09Eu-ay -2 el el A o A
B~ (53,2, 0@ @)W W 6) - =E@ragtbricstd

Remark 8: In particular case, fractional quadruple La{Eq(—(ax + by + cz +dt)*)f (x,,2,0)}
Laplace transform (5) turns to quadruple Laplace

transform (1) whem = 1. — j.wj.wj.wwa (—(ax + by + cz
- a
0
Some properties of fractional quadruple Laplace +dt)E,(—(px+ qy + 71z
transform + st)®) f(x,y,zt)(dx)*(dy)*(dz)*(dt)“

In this section, various properties of fractional
quadruple Laplace transform are discussed and gro\By using the equality

such as linearity property, change of scale prgpert {(E,(A(x +y +z + t)%)
and so on. =Eo(Ax%) Eq(Ay®)Eq(Az%) Eq (At%)
1. Linearity property Which implies that

Let fi(x,y,z,t) and f,(x,y,zt) be functions of the [*({E (—(ax + by + cz+ d)®)f(x,y,2,t)
variablesx and t, then

L‘;{alfl(x,y,z,t)+a2f2(x,y,z,t)} Y B e e
=a, L:{fi(x,y,z,t)}+ ay Lt{fo(x,y,2 t)}7) i .];) J;) J;) J;) Eq(—((@a+p)x+ (b +qy+(c
+1)(d +s))) f(x,¥,2,t)(dx)*(dy)* (dz)* (dD)”
Wherea, and a, are constants.
Proof: We can simply get the proof by applying thgance

definition. LY {E,(—(px + qy + rz + st)¥)f(x,y,2,t)}

=F{(p+aq+br+cs+d
2. Changing of scale property T“@+aq+br+cs+d)

If La{f (6, y,2,0)} = B (p,q,7,5) hence 4 Multiplication byx®t®

Eelf (e, by, cz, Q) L4{f (6,7,2,0} = FA(p,q,7,5)
= —F4 _'_)_'_
a%bacede ¢ (a b’'c d)

-| ’ [ - [ , I Ey (= 0 Ea(— (@) Eal(— ()

Whenevea andb are constants.

Proof: Eq(=(st)")f(x,y,z,t)(dx)*(dy)“(dz)* (dt)”
{f(ax, by, cz,dt)} then -
S Gy 2 f (3,2,00) = 5
B f f f f Eal=(px +ay + 7z L {f (x,y,2,0)}
+ st)*)f (ax, by, cz,dt) (dx)*(dy)*(dz)*(dt)*(8) Proof:
We sefj = ax, k =by,l =czand m = dt in the La{x*y®z%t%f (x,y,2,0)}

above equality (8), therefore we obtaln_f f ff XVE, (—(pX) ) E o (—(qY) V) E,(—(r2)®)

L:{f(ax, by,cz,dt)}
Eq(—= (st)“)f(xhy,z tf)(dX)a(Céy)DE(dZ) (Si)t)“
qk rl By wusing the fact DF(E,(—s%x“ = -
aabacadaj J- f f b +? x“Ea(—S“x“), then

+7) ) f Uk, 1, m)(dx)*(dy)*(dz)*(dt)*

LY {x%y*z%t%f(x,y,z,t)}
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I e o 97 a Proof: We obtain the definition of fractional
U Jo s ) aij“(_(px) )WE“(_(‘D’) ) quadruple Laplace transform and fractional quadrupl
0* 0% convolution above, then we obtain

—— Ba(— (1) 5 Eo(—(5)9) (5,7, 2, 0 () (@) “WAADE, 9)(x, y, 7, £)}

or«

e e [ R RACSUTACIRRIAS D

qa
Ea(—(r2)*)Ea(—(s)®)f (x,, 2,6) (dx)*(dy)*(dz)* (dtFia (- SO (f rereq 9)(d0)*(dy)*(dz)"(dD)*"
aZa

= E,(— a E,(— a E,(— @ (d)@
= 3p?9q°9ra9s® Ledf (3,2, 1)} fo fo fo fo (=(@0)VEa(=(qy))Eo(=(r2)*)(dt)

X rY rz pt
. racon|[[ [/ [rens=mre
Remark: All results above are suitable for quadruple a(=(s8) )[ 0o Jo Jo Jo fGa=mny P

Laplace transform whem= 1.

—8)g(,8,y,8)(dn)*(do)*(dy)*(ds)* | (dx)”
Theorem: If the fractional quadruple Laplace @ (dz)(dE)*
transform of the function f(x,y,zt) is (dy)*(dz)*(dD)

LY{f(x,y,z,t)} = F}(p,q,7,s), and fractional letj=x—nk=y—0l=z—ym=t—6 and
quadruple sumudu transform of the functioglaking the limit from O too, it gives

flx,y,z,t) is SH f(x,y,z,t)} = Gi(p,q,71,5),then 0 00 (o0 00
- | ffOfEa(—p“(Hn)“)

1 1111
Gx(p,q,1,5) = WF; (—,—,—,—)

BY Ti® Eq(=q%(k + ) )Eq(—=r*(L +¥)*)Ea(=s*(m

Proof: + 8)%) j;)x Joy .IOZ jotf(j, k,lL,m)g(n,0,y,8)(dn)”*

Gy(p.q,1,5) .
%0 oo o oo (dO)*(dy)*(d8)*(dj)*(dk)*(dD)*(dm)*

f(x, qy,rz, st)(dx)* (dy)*(dz)* (dt)“

= [ [ [ Bepeba-atkeEa-ray
By using change of variablgs— px, k — qy,l = rz o Jo Jo Jo _
and m-d Eq(=s*m%)f(, k, [, m)(dj)*(dk)*(dl)*(dm)®

© [0 00 0O . a X ry 7ot
ez, [ (0w () k(A ) oot
P~ (?)a> FURLmY@ @R D@ Ly, t)‘ifg'{f& y) ) ’

. 1 (1111 _ '
Ge(0,q,1,5) = —F———F (—'—'—'—) Inversion formula of Quadruple Fractional
Laplace’s transform

Firstly, we will set up definition of fractional He

The Convolution Theorem of the Fractional ; .
function of two variables as follows

Double Laplace Transform
Theorem: The double convolution of order of

functionsf (x, y, z,t) and g(x,y,z,t) can be defined Definition: Two variables delta functiors,(x —
as the expression a,y — b,z —c,t —d) of fractional orden, 0 <a <1,

(f(x,y,2,t) %xxx, g(x,y,2,1)) can be defined as next formula
»y 14y a »y )14y

X rY rz pt
x,v,z,t)6,(x—a,y—b,z—c,t

—8)g(n,0,y,6) (dn)“(d8)*(dy)*(ds), — d)(dx)*(dy)*(dz)*(dt)*
therefore one has the equality
LoA(f #+#%q 9)(x,,2,1)} = a*g(a,b,c,d)(9)

= Lo {f (%, y, 2, OIe{f (x, v, 2,0)}
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In special case, we have f f f fEa(ix“(h — D)E, (iy® (1 — )%
[[ | [seyaosyanan@nc@nan  iqxz

RIRVR o E (iz*(v —r)*E,(it*(w — s5)*

= a*g(0,0,0,0) (dp)*(dq)*(dr)*(ds)”

Example: we can obtain fractional quadruple Laplace « « « @
transform of function 6,(x —a,y —b,z—c,t —d) (dx)*(dy)*(dz)"(dD)

as foIIows4 §4R R R
wLa:‘Sa:x ; ay=-bz=ct=d) PG H! R[ R[ R[ Ea(i(=x))") Ea(i(=yk)%)
_ f f f f E,(—(px + qy + 12 + s)%) Eq(i(—21)®) Eq (i(—tm)®) (d))*(dk)* (d1)* (dm)“
et ) () ~ [ [ [ [ datr.z 0@ @@ caor
(dz)*(dt)* R:EZR R

=a*E,(—(pa + qy + rz + st)*)(10)
H 4 — 2
In particular, we havd ;{6,(x,y,z,t)} = a Note that one has as well

4
Relationship between Two Variables Delta « — f f ffEa(i(—hx)“Ea(i(—uy)“Ea(i(—vz)“
Function of Order a and Mittag-Leffler Function (Mo) en o i

The relationship betweenE,(x +y +z+t) and E_ (i(—wt)%(dh)%(du)*(dv)*(dw)® = 8,(x,y,2,t)
6,.(x,y,2,t) is clarified by the following theorem

Inversion Theorem of Quadruple Fractional
Theorem:  The following ~ formula  holds Laplace Transform

at . . . Theorem: Here we recall the fractional quadruple
(Ma)szfffEa(‘(_hx)aE“(l(_uy)aE“(‘(—vz)a Laplace = transform  (5) for  convenience
E, (i(—wb)®(dh)* (din)* (dv)* (dw)® Ladf (3,2 03 = i (0. 4,7,5)(12)
= 8,(x,y,2,t)(11) =f f f f Eq(—(px+qy + 71z
0 0 0 0
WhereM, satisfy the equivalencet, (i((M,)%) =1, +s)Nf (3,2, 0)dxdy® dz®dt*

and it is called period ofthe Mittag-Leffler funati.

Proof: We test that (11) agreement with\Nd itsinverse formula define as

@ = [ [ [ [ ety s gunys i LErP O mee
R RRR :—(M)4aLLLLEa((Px+CIY+TZ
Eq (i(wt)*(dx)* (dy)*(dz)*(dt)" b SO E .5 (dp)*(dg)*(dr)*(ds)®
We replaced, (x,y, z, t)in above equality by (11) to (13)
get _
ot Proof.l ' _ .
a? = f f f f(dx)“(dy)“(dz)“(dt)“ — Substituting (12) into (13) and using the formula)
RRRR (Me) (9) respectively, we obtain in turn
[ [ ] ] et EaaunEation R

1
B (WO E (i (—p) Eg (i(~qy) By (i(—r2)® | ("'y’z’t)z(zwa;*“f ] ] ] Ee (p)

—joo —joo —joo —iw

Ex(i(=st)"(dp)*(dq)"(dr}*(ds)" Ea(4y)"Eq(r2)*Eq(st)(dp)*(dq)” (dr)* (ds)*
_ jjff(dx)“(dy)“(dz)“(dt)“(Ma)w fo fo fo LE“(_(qukJrrHsm)a
R R R R * fG, kL, m)(@)*(dk)* (dD)*(dm)”
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o0 00 o0 o©

(Mi)‘*“f f ] f f (B.v.,0) (dB)*(dy)®
0000

+io 4ioo +iw +ioo

(d)*(d6)° j j f f Eq (0%(x = ))9)
Ea(q°0 — ) E (r(z — D) Eg(s%(s — m)®)
(dp)“(dq)® (dr)*(ds)*

o0 00 00 o0

:(Mi)szfff(Mgzwf(ﬁ,%w,e)

6a(—x,k—y,l—2z,m—s)(dB)“

COMCIOMCL L
=$jfjjf(ﬁ,%¢,9)5a(i
0 0 0O
-x,k—y,

= z,m—s)(dB)*(dy)® (dp)*(d6)*
:f(X,y, Z, t)

Conclusion

In this present work, fractional quadruple Laplac@-
transform and its inverse are defined, and several

properties of fractional quadruple transform hagerb

discussed which are consistent with quadruple
Laplace transform whes= 1. More over convolution 9,

theorem is presented.

. A. Kilicman and H.
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