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ABSTRACT 

In this paper we introduce the concept of density topology in a 
tritopological space and derive some relevant separation properties 
involving the density topology. 
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1. INTRODUCTION 

This is the forth in a series of our M. Phil papers. The 
first, the second and the third such papers have 
appeared in 2015[16], in 2016[17] and in 2024[18]. 
The idea of density topology has been widely 
studied in various spaces such as bitopological 
spaces, measure spaces, real number spaces, 
Romanvoski spaces etc. (see Goffman and 
Waterman (1961), Lahiri and Das (2002), 
Martin (1964), Saha and Lahiri (1989), A.K. 
Banerjee (2008). The concept of tritopological 
spaces are introduced in [8]. We have 
generalized a work of Lahiri and Das [2002] to 
tritopological spaces.    

In this paper we attempt to define density of sets 
in a tritopological space (X, P, Q, R) and with 
the idea of trioclosure we generate a topology 
which is helpful in study of some separation 
properties. Here we study density of sets in a 
tritopologcial space satisfying certain axioms 
and investigate some relevant separation 
properties. 

We have used the definitions and terminology of text 
book of S. Majumdar and N. Akhter [1], Munkres  

 
[2], Dugundji [3], Simmons [4], Kelley [5] and 
Hocking-Young [6]. 

2. Tritopological Spaces 

Definition 2.1: Let X be a non-empty set. If P, 
Q, R are three collections of subsets of X such 
that (X, P), (X, Q) and (X, R) are three 
topological spaces then X will be called a 
tritopological space and will be denoted by (X, 
P, Q, R).  

Example 2.1: Let X =  { }dc,b,a,  

P { }{ },dc,,X,φ=  Q { } { }{ }b,cb,a,, X, φ=  

and R { } { } { } { }{ }dc,a,,dc,,ca,,c,X,φ=  

then (X, P), (X, Q) and (X, R) are three  

topological spaces and (X, P, Q, R) is a 
tritoplogical space. 

Here we give some definitions in 

tritopological spaces.  

Definition 2.2: A cover Ω of a tritoplogical  
space  (X, P, Q, R) is said to be trio-pen if Ω ⊂ 
P∪Q∪R  and Ω contains at least  one non-
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empty member from each of P, Q, and R . The 
space (X, P, Q, R) is said to be tricompact if 
every trio-open cover of it has a finite subcover. 

Definition 2.3: Let (X, P, Q, R) be a 

tritopological space. For any A⊂X, define A = 
∩ {F1∪F2∪F3 where A ⊂ F1∪F2∪F3 and F1, F2 
and F3 are respectively P, Q and R- closed}, 

then A  is called the triowise closure of A. 

N.B: When A is a subset of a tritopological 

space X (bitopological space X) by  A  we mean 
triowise closure of A (pairwise closure of A).   

Theorem 2.1: Let X be a tritopological space 

and let S={V:V⊂X and }V)-(X VX −= , 

then (X, S) is a topological space. 

Note: We observe that if F is P or Q or R closed 

then F ⊂ F∪ ϕ∪ϕ = F, so that F  = F. Hence F 
is S–closed. This implies that S is finer than P, 
Q and R.  

Lemma 2.1: The family {P∩Q∩R: P∈P, Q∈Q 
and R∈R} forms a base for S. 

Proof:  Clearly, the sets P∩Q∩R belong to S. 
If V∈S then  

X – V  = V)-(X  

= ∩ { F1 ∪ F2 ∪ F3: F1 ∪ F2 ∪ F3 ⊃ X – V and 
F1, F2 and F3 are respectively P, Q and R- 
closed}   

Therefore, V = X – (X – V)  

= ∪ {P∩Q∩ R: P ∩ Q ∩ R⊂V, P∈ P, Q∈Q and 
R∈R} 

Hence the proof is complete.  

3. Density of sets in (X, P, Q, R) 

Definition 3.1: B ⊂ P∪ Q∪R is said to be 
triowise open base of (X, P, Q, R) if B∩P form 
a base for P, B∩Q form a base for Q and B∩R 
form a base for R. 

Definition 3.2: The σ-algebra generated by the 
class of all sets of the form         P∪Q∪R, P∈ P, 
Q∈Q and R∈R is called the class of triowise 
Borel sets. 

Definition 3.3: A mapping f : (X, P, Q, R) → 
(Y, P1, Q1, R1) is said to be triowise continuous 
if inverse image of every P1-open (resp. Q1-
open, R1-open) set in Y is P-open (resp. Q-open, 
R-open) in X. 

In (X, P, Q, R), let ξ be the class of all triowise 
Borel sets. Let µ be a measure on ξ such that µ 

(X) is finite. We also assume µ to be non-zero 
for all non-void sets of the form P∩Q∩R, P∈P, 
Q∈Q, R∈R. Let µ* be the outer measure on 
P(X) generated by µ. Let ϑ be the class of all 
µ*-measurable sets and A be a class of sets from 
ξ. 

Definition 3.4: By a decomposition [14] ξV of 
V∈ξ we mean a finite disjoint family 

{A1, A2,.............,An} ⊂ A such that 

(i) andVAi
n

i

⊂
=
U

1

 

(ii)  0)(
1

=−
=
U

n

i

AiVµ  

The class A is called a triowise fundamental sets 
[14] if the following axioms hold.  

AXIOM I. A form a triowise open base of (X, 
P, Q, R) (and hence also A ⊂ P∪Q∪R). 

AXIOM II. For any A∈A and ∈>0 there is a 
decomposition ξA of A such that A'∈ξA implies 
µ  (A')<∈. 

AXIOM III. For each triowise compact set W 
and for each P or, Q or R-open set V⊃W, there 

is an ∈>0 such that if A∈A and µ (A)<∈ and A

∩W ≠ φ  then A⊂V. 

AXIOM IV: Given A∈A and ∈>0 there is a 

A'∈A such that A  ⊂ A' and           µ (A'-A)<∈.  

Let x∈X, since by  Axiom I A forms a triowise 
open base of (X, P, Q, R), there exists a A∈A 
such that x∈A. Let ∈>0, by AXIOM II there 
exists a              decomposition {A1,A2,.....,An} 
of A with µ (Ai) <∈, i=1, 2, ..........., n. We now 

prove that x∈ iA  for some i. If not, let x ∉ iA   

for all i. Since iA is the intersection of all S-

closed sets containing Ai, there exists a S-closed 

set iÂ , containing Ai which does not contain x. 

Then clearly the set G = A- U
n

i

iA
1

ˆ

=

 is S-open and 

non-void (x∈G) and G⊂A-U
n

i

Ai
1=

 and so by our 

assumption about µ, 0<µ (G) ≤µ (A-U
n

i

Ai
1=

) 

which contradicts the condition (ii) of definition 
3.4. 

Hence for ∈>0 there exists a Ai such that x∈ iA

and µ (Ai)<∈. 
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Consequently, for each x∈X there exists a 
sequence of triowise fundamental sets {An,x} 

such that x∈ A n,x and µ (An,x)<
n

1
 ∀ n. 

Definition 3.5: [15] For x∈X and E⊂X the 
upper and lower outer density of E at x denoted 

respectively by *ϕ (E, x), *ϕ  (E, x) are defined 

by 

),(
lim

),( **
xE

n
xE nϕϕ

∞→
=  

),(*
lim

),(* xE
n

xE nϕϕ
∞→

=  

where,  

=),(
*

xEnϕ  sup {m* (E, A); x∈ A , µ (A) < ,
1

n
 

A∈A}  

=),(* xEnϕ  inf {m* (E, A); x∈ A , µ (A) < ,
1

n
 

A∈A} 

and m* (E, A) = 
)(

)(*

A

AE

µ
µ ∩

.  

Clearly 0≤ ),(* xEϕ ≤ϕ * (E,x) ≤1. If they are 

equal, we denote the common value by ϕ*(E, x) 
and say the outer density of E exists at x. If E∈ϑ 

we write               ϕ *(E,x)= ϕ (E,x)  and  ϕ
*(E,x) =ϕ (E,x). If they are equal we write           

ϕ (E,x) = ϕ (E,x) = ϕ(E,x). 

We say x, an outer density point or an outer 
dispersion point of E according as ϕ *(E, x) = 1 

or ϕ *(E,x)=0. 

Theorem 3.1:[Theorem 4.1 of [13]]  If E, F∈ϑ, 
ϕ (E,x), ϕ (F,x) exist and if E⊂F, then ϕ(F-E,x) 
exists and ϕ(F-E,x) = ϕ(F,x)-ϕ (E,x). 

 The proof is similar to the proof of 
theorem 3 of Saha and Lahiri (1989). 

Definition 3.6: Let D= {V:V⊂X and ϕ*(X-
V,x)=0, ∀x∈V}. As in Martin (1964) one can 
verify that D is a topology on X which is called 
the density topology (or, in short d-topology) on 
(X, P, Q, R). 

The following two theorems is a generalizations 
of theorems 3 and 4 of [15]. 

Theorem 3.2: If V is S-open, then ∀ x∈ V the 
outer density of V exist at x and ϕ*(V,x) =1. 

Proof: Let x∈V, so by Lemma 2.5 there exists 
P∈P, Q∈Q, R∈R such that x∈ P∩Q∩R⊂V. 
Since {x} triowise compact and {x}⊂P, by 
Axiom III, there is ∈>0 such that A∈A and {x} 

∩ A  ≠φ   and µ (A)<∈  A⊂P. Choose n0 ∈N 

such that 1/n0 <∈. Then ∀  n>n0, A∈A and x∈ A  
and µ (A) <1/n will imply A⊂P. Similarly, we 
can find n1∈N such that ∀ n≥n1, A∈A and x∈
A  and µ(A) <1/n  A⊂Q and n2 ∈N such that 

∀ n>n2, A∈A and x∈ A  and µ(A) < 1/n A⊂R. 
Then ∀ n≥m = max {n0, n1, n2}, A∈A and x∈
A  and µ (A) < 1/n  A⊂P∩Q∩R⊂V. Hence 

from definition of 
*

nϕ  (V, x) it follows that ∀ 

n≥m.  

*

nϕ (V,x) = inf nAAxA
A

AV
/1)(,,,

)(

)(* <∈∈∩ µ
µ

µ
A  

 = 1, since A⊂V. 

Therefore ϕ*(V,x)=1 and hence 

ϕ*(V,x)=1. 

Theorem 3.3: The d- topology D is finer than 
S. 

Proof: Since S⊂ ξ ⊂ ϑ so by theorems 3.1 and 
3.2 V∈S implies 

 ϕ (X-V,x)= ϕ(X,x)- ϕ (V,x) 

   = 1- 1 

   = 0 ∀ x∈V.   

Therefore S ⊂ D. This completes the proof. 

4. Separation Properties in (X, S) 

Theorem 4.1: [Theorem 5 of [15]] (X, S) is 
regular.  

Proof: Let E be S-closed and x∉E. Then x∈X-
E ∈S and so by Lemma 2.1, there are P∈P, 
Q∈Q and R∈R such that x∈P∩Q∩R⊂ X-E. We 
associate with x, a sequence of trio wise 

fundamental sets {An,x} such that x∈ A n,x and µ 
(An,x) <1/n ∀ n. By Axiom IV for A2n,x there is 

Bn,x ∈ A and a S-closed sets Â 2n,x such that x∈ 

A 2n,x ⊆ A2n,x ⊂ Bn,x and µ (Bn,x – A2n,x) < 1/2 n. 
Then µ (Bn,x) ≤ µ (A2n,x) + µ(Bn,x–A2n,x) 

.1
2

1

2

1
nnn

=+<  Thus we obtain a sequence {Bn,x} 

from A  such that x∈ Bn,x and µ (Bn,x) < 1/n ∀n. 
Again, proceeding as above for B2n,x we get a 

sequence {Cn,x) from A satisfying x∈ B2n,x ⊂ B

2n,x ⊂ Cn,x and µ (Cn,x) < 1/n ∀ n. Since {x} is 
triwise compact and x∈p so by Axiom III, there 
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is ∈>0 such that A∈ A and {x}∩ A  ≠ϕ and µ 
(A) <∈ implies A ⊂ P. Choose no∈ ℵ such that 

1/n° <∈. Then Cno, x ⊂ P, since x∈ Cn0, x ⊂ C n°, 

x and µ (Cn0, x) < 1/n0 <∈. Now, x∈ B2n0, x ⊂ B̂

2n0, x ⊂ Cn0, x ⊂P.  

Similarly, we can find n1∈ ℵ such that x∈ B2n, 
x ⊂ B2n,x ⊂ Cn1, x ⊂ Q and for n2∈ℵ such that 

x∈ B2n2, x ⊂ B̂ 2n2, x⊂ Cn2,x ⊂ R.  

Thus x∈ B2n0,x ∩B2n1,x,∩ B2n2,x = U (say) ⊂ B̂

2n0,x ∩ B̂ 2n1,x ∩ B̂ 2n2,x = F (say) ⊂ Cno,x ∩ 
Cn1,x∩Cn2,x ⊂ p∩Q∩R ⊂ X-E, Hence we have 
U∈ S (by Axiom I), V = X-F ∈ S satisfying 
x∈U, E⊂V and U∩V = φ . Hence proved.  

Corollary 4.1: [13] If (X, S) is T0 then it is T2. 

Proof: Let, x, y be two distinct points of X, then 
by T0 there is a S-open set U containing one of 
them say x, such that y∈F = X-U. Since F is S-
closed and x∉F, so by regularity there are S-
open sets V,W such that x∈V, F⊂W and V∩W= 
φ . Then x∈V, y∈W and V∩W= φ . Therefore 

(X, S) is T2. 

Definition 4.1: In (X, P, Q, R ), P is said to be 
regular w.r.to Q if for any P- closed set F and x ∈X 
with x∉ F, there exist U ∈ P, V∈Q such that x∈U, 
F⊂V and U∩V = φ . If P is regular w.r.to Q, and Q 

is regular w.r.to R and R is regular w.r.to P then (X, 
P, Q, R) is called (1,2,3)-regular. If the space (X, P, 
Q, R) is (i, j, k)- regular then it is called triowise 
regular for i ≠ j ≠ k, i, j, k = 1,2,3.    

If we consider the  bitopological   space the (X, P, Q) 

and define T = {U: U⊂X and UX −  = X-U} then 
(X,T) is a topological space by Lahiri and Das 
[2002]. 

This topology T is finer than both P and Q. By 
Lemma 2 of Lahiri and Das [2002], we have {P ∩Q: 
P ∈ P and Q∈ Q} form a base for T. 

Therefore, by Lemma 2.1, S is finer than T. 

Also (X, T) is regular by Lahiri and Das [2002]. 

Then we have the following corollary.  

Corollary 4.2: In (X, D, S, T) S is regular with 
respect to D and T is regular with respect to S and D. 

Note: When we say that T is regular with respect to 
D, without loss of generality, we assume that D is 
the d- topology on (X, P, Q).  

Theorem 4.2: (X, D, S, T) is triowise regular if the 
following condition: 

(a) For any D-closed set E, if {An} is a sequence of 
triowise fundamental sets such that µ* (E∩An)→0 as 
n→∝, there is at least one k∈ N such that E∩Ak=ϕ 
holds. 

Proof: We only need to show that in X, T   is regular 
with respect to S, S is regular with respect to D   and 
D is regular with respect to T.   By corollary 4.4 it is 
sufficient to show that D is regular with respect to T.  
Let E be D-closed and x∉E. As in Theorem 4.1 we 
construct two sequences {Bn,x}, {Cn,x} from A such 

that x∈B2n,x ⊂ x,n2
B ⊂ Cn,x and  µ (Cn,x) < 1/n ∀ n. 

Since X-E is D-open and x∈X-E, *ϕ  (E,x)=0. Let 

∈>0 be arbitrary. Then there is n0 ∈ N such that 
1/n<∈ and *nϕ  (E,x) <∈∀ n≥n0. Since x∈ Cn,x ⊂C

n,x, µ (Cn,x) <1/n, m* (E, Cn,x)<∈∀n≥n0 i.e, µ* 
(E∩Cn,x)/µ (Cn,x)<∈ i.e; µ* (E∩Cn,x) < ∈. µ (Cn,x) 
< ∈ ∀ n≥n0. Thus µ* (E∩Cn,x)→0 as n→∝. By the 
condition (a) there is k∈N such that E∩Ck,x= φ . 

Hence using Axiom I, x∈B2k,x∈ T⊂ D, E⊂X-

Ck,x⊂X- B 2k,x∈ T and B2k,x ∩ (X- B 2k,x)= φ . This 

proves the theorem. 

Definition 4.2: (X, P, Q, R) is said to be triowise 
Hausdorff if for every x, y, z ∈ X, x≠y≠z there exist 
U ∈ P, V∈Q and W∈R such that x∈U, y∈V, z∈W 
and U∩V∩W= φ . 

Example 4.1: Consider the following tritopologies 

on X ={ }cb,a, : 

P1 { } { }{ }ba,,a,X,φ=  

P2 { } { }{ }bcb ,,,X,φ=  

P3 { } { }{ }c,ca,,X,φ=  

Then X is (1,2,3) Hausdorff since for ∈cba ,,  X, 

P1- open set U = { }a , P2- open set V = { }b , P3- open 

set W = { }c , then we have U∩V∩W=φ . 

Theorem 4.3: If (X, P) or (X, Q) or (X, R) is T1, then 
(X, D, T) is pairwise Hausdorff. Also if (X, D, T) is 
pairwise Hausdorff then (X, D, S, T) is triowise 
Hausdorff.  

Proof: The proof of the first part is similar to 
Theorem 7 of Lahiri and Das [2002]. 

For the last part of the theorem, let (X, D, T) be 
pairwise Hausdorff. Let x, y, z∈X with x≠y≠z. Since 
(X, D, T) is pairwise Hausdorff, for x, y there exist 
U'∈ D, V'∈ T such that x∈U', y∈V' and U'∩V'= φ , 

for y, z there exist U''∈D, V''∈ T such that y∈U'', 
z∈V'' and U''∩V"= φ  and also for x, z there exist 
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U"'∈D, V"'∈ T such that x∈U"', z∈V"' and 
U"'∩V"'= φ . Put U'∩U"'=U, V'=V and V"∩V"'=W. 

Then x∈U∈ D, y∈V∈ T⊂ S, z∈W ⊂ T and clearly, 
U∩V∩W= φ . 

Therefore (X, D, S, T) is triowise Hausdorff. 

Definition 4.3: (X, P, Q, R) is called (1,2,3) normal 
if for any pairwise disjoint P-closed set A, Q-closed 
set B, R-closed set C, there exist U∈ P, V∈ Q, W∈R 
such that A⊂V, B⊂W, C⊂U and U∩V∩W= φ . 

If (X, P, Q, R) is (i, j, k) normal then it is called 
triowise normal for i≠j≠k, i,j,k=1,2,3. 

Theorem 4.4: If (X, D) is compact then (X, D, T, S) 
is triowise normal. 

Proof: Let A, B and C be pairwise disjoint D-closed, 
T -closed and S-closed sets respectively. Since (X, 
S) is regular for any x∈A, there exist Ux, Vx∈S such 
that x∈Ux,C⊂Vx and Ux∩Vx= φ . Now, {Ux: x∈A} 

form a S-open cover of A  and hence D-open cover 
of A. 

Since A is D-closed there exist x1, x2,..........,xn∈A 

such that A⊂U
n

1i
i U'U

=

=x ∈ S, C⊂I
n

1i

V
=

=ix W∈ S⊂ D, 

U'∩V= φ . Also since (X, T) is regular for each x∈A, 

there exist U′x, V′x ∈ T such that x∈U′x, B⊂V′x and 
U′x∩V′x= φ . Also {U′x: x∈A} form a T open cover 

of A and hence D-open cover of A. Since A is D-

closed A⊂U
n

1i
iU

=

′x = U∈ T, B⊂I
n

i

ixV
1=

′ = V∈U'∈ 

T⊂S, U∩W= φ . Therefore, we have A⊂U∈T,  B⊂ 

V∈S, C⊂ W∈ D  and U∩V∩W= φ . 

 Thus (X, D, T, S) is (1,2,3) normal. Similarly, we 
can show that (X, D, T, S) is (2,1,3) normal. 
Therefore (X, D, T, S) is triowise normal. 
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