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In this paper we introduce the concept of density topology in a
tritopological space and derive some relevant separation properties

involving the density topology.
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1. INTRODUCTION

This is the forth in a series of our M. Phil papers. The
first, the second and the third such papers have
appeared in 2015[16], in 2016[17] and in 2024[18].
The idea of density topology has been widely
studied in various spaces such as bitopological
spaces, measure spaces, real number spaces,
Romanvoski spaces etc. (see Goffman and
Waterman (1961), Lahiri and Das (2002),
Martin (1964), Saha and Lahiri (1989), A.K.
Banerjee (2008). The concept of tritopological
spaces are introduced in [8]. We have
generalized a work of Lahiri and Das [2002] to
tritopological spaces.

In this paper we attempt to define density of sets
in a tritopological space (X, P, Q, R) and with
the idea of trioclosure we generate a topology
which is helpful in study of some separation
properties. Here we study density of sets in a
tritopologcial space satisfying certain axioms
and investigate some relevant separation
properties.

We have used the definitions and terminology of text
book of S. Majumdar and N. Akhter [1], Munkres
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[2], Dugundji [3], Simmons [4], Kelley [5] and
Hocking-Young [6].

2. Tritopological Spaces

Definition 2.1: Let X be a non-empty set. If P,
Q. R are three collections of subsets of X such
that (X, P), (X, Q) and (X, R) are three
topological spaces then X will be called a
tritopological space and will be denoted by (X,
P, Q, R).

Example 2.1: Let X = {a,b,c,d}
P={X.pf.d} Q={x.af{ab.ch{th

and R = {X, @{ch{a, c},{c,d}, {a,c,d}}

then (X, P), (X, Q) and (X, R) are three
topological spaces and (X, P, Q, R) is a
tritoplogical space.

Here we give definitions in
tritopological spaces.

Definition 2.2: A cover Q of a tritoplogical
space (X, P, Q, R) is said to be trio-pen if Q [J

POQUOR and Q contains at least one non-

some
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empty member from each of P, Q, and R . The
space (X, P, Q, R) is said to be tricompact if
every trio-open cover of it has a finite subcover.
Definition 2.3: Let (X, P, Q, R) be a

tritopological space. For any ALX, define A =
N {F10OF0Fs where A [ F;F:0Fs and Fy, F»
and F3 are respectively P, Q and R- closed},

then A is called the triowise closure of A.

N.B: When A is a subset of a tritopological
space X (bitopological space X) by A we mean
triowise closure of A (pairwise closure of A).
Theorem 2.1: Let X be a tritopological space
and let S={V:VOX and (X-V)=X -V},
then (X, S) is a topological space.

Note: We observe that if Fis P or Q or R closed

then F O FO ¢ =F, so that F =F. Hence F
is S—closed. This implies that S is finer than P,
Q and R.

Lemma 2.1: The family {PnQnR: PUP, QLIQ
and R[JR} forms a base for S.

Proof: Clearly, the sets PNnQnR belong to S.
If VUS then

X-V=(X-V)

=n{FUORIOF:FOFROF OX-V and
Fi, F> and F3 are respectively P, Q and R-
closed}

Therefore, V=X - (X -V)

=U{PnQn R:Pn Q n ROV, PUP, QLIQ and
ROR}

Hence the proof is complete.

3. Density of sets in (X, P, Q, R)

Definition 3.1: B [0 P QOR is said to be
triowise open base of (X, P, Q, R) if BNnP form
a base for P, BN Q form a base for Q and BnR
form a base for R.

Definition 3.2: The 0-algebra generated by the
class of all sets of the form PUQUR, PO P,
QUQ and ROR is called the class of triowise
Borel sets.

Definition 3.3: A mapping f: (X, P, Q, R) -
(Y, P1, Q1, Ry) is said to be triowise continuous
if inverse image of every Pi-open (resp. Qi-
open, Ri-open) setin Y is P-open (resp. Q-open,
R-open) in X.

In (X, P, Q, R), let & be the class of all triowise
Borel sets. Let 4 be a measure on & such that

(X) is finite. We also assume [ to be non-zero
for all non-void sets of the form PnQnR, PLIP,
QUQ, ROR. Let p* be the outer measure on
P(X) generated by U. Let 9 be the class of all
W*-measurable sets and A be a class of sets from

g.

Definition 3.4: By a decomposition [14] &v of
V& we mean a finite disjoint family

{A1, Agyueenannn. ,An} 0 A such that

() | JAiOV and

Gi) v - U Ai)=0

The class A is called a triowise fundamental sets
[14] if the following axioms hold.

AXIOM 1. A form a triowise open base of (X,
P, Q, R) (and hence also A [ PUQUR).

AXIOM II. For any ALA and [O>0 there is a
decomposition §a of A such that A'(J§a implies
B (AH<O.

AXIOM III. For each triowise compact set W
and for each P or, Q or R-open set VLW, there

is an [1>0 such that if ALJA and 4 (A)<UO and A
NW # ¢ then ALJV.

AXIOM IV: Given AOA and >0 there is a
A'UJA such that A 0 A' and M (A'-A)<[.

Let x[1X, since by Axiom I A forms a triowise
open base of (X, P, Q, R), there exists a ALJA
such that x[JA. Let [1>0, by AXIOM I there
exists a decomposition {A1,Ao,.....,An}
of A with i (A)) <[, i=1, 2, ........... , n. We now

prove that x[1 A, for some i. If not, let x DK
for all i. Since Kiis the intersection of all S-
closed sets containing Aj, there exists a S-closed
set Ai , containing A; which does not contain x.

Then clearly the set G = A- 0 A, is S-open and
i=1

non-void (x[JG) and GDA—UAi and so by our

i=1

assumption about M, O<p (G) < (A- UAi)

i=1
which contradicts the condition (i1) of definition
3.4.

Hence for [I>0 there exists a A; such that x[J Kl
and U (Ap)<Ll.
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Consequently, for each x[X there exists a
sequence of triowise fundamental sets {An,x}

such that x[0 A nx and U (Anx)< 1 O n.
n

Definition 3.5: [15] For x[OX and EOX the
upper and lower outer density of E at x denoted

respectively by @*(E, x), ¢* (E, x) are defined
by

¢ (E.x)= hmw & (E.x)
lim

@ *H(E,x) = %, (E.x)

g e

where,

4, (E.x)= sup {m* (E, A); x00 A, {1 (A) <—,
n

ADA}
8. *(E,x)= inf {m* (B, A); x0 A, 1 (A) <=,
- n
ADA)}
and m* (B, A) = K (EnA)

H(A)

Clearly OS¢_*(E,x)SE* (E,x) <1. If they are

equal, we denote the common value by ¢p*(E, x)
and say the outer density of E exists at x. If ECJO

$*(Ex)= ¢(Ex) and ¢
*(E,x) =¢(Exx). If they are equal we write

$(E.x) = ¢(Ex) = O(E.x).

We say x, an outer density point or an outer
dispersion point of E according as ¢ *(E, x) = 1

or @ *(E,x)=0.

we write

Theorem 3.1:[Theorem 4.1 of [13]] If E, FO3,
¢ (E.x), ¢ (F,x) exist and if ECJF, then ¢(F-E,x)
exists and ¢(F-E.x) = ¢(F.x)-¢ (E.x).

The proof is similar to the proof of
theorem 3 of Saha and Labhiri (1989).

Definition 3.6: Let D= {V:VOX and ¢*(X-
V.,x)=0, OxOV}. As in Martin (1964) one can
verify that D is a topology on X which is called

the density topology (or, in short d-topology) on
(X, P, Q,R).

The following two theorems is a generalizations
of theorems 3 and 4 of [15].

Theorem 3.2: If V is S-open, then [1 x[1 V the
outer density of V exist at x and ¢*(V x) =1.

Proof: Let x[1V, so by Lemma 2.5 there exists
POP, QUQ, ROR such that x[J PNnQnROV.
Since {x} triowise compact and {x}[IP, by
Axiom III, there is [1>0 such that A[LJA and {x}
NA #¢ and P (A)<O = AOP. Choose no [N
such that 1/n0 <O. Then O n>no, AOA and xOA
and P (A) <1/n will imply AUP. Similarly, we
can find n1UN such that [ n=n;, ALA and x[l
A and M(A) <1/n = ALQ and n2 [IN such that
L n>n2, ALJA and xOA and H(A) < 1/n =ALR.
Then U n=m = max {no, ni, n2}, ALA and x[]
A and P (A) < 1/n = AOPNQnROV. Hence
from definition of @, (V, x) it follows that []

n=m.

¢, (V.x) =inf %,ADA,)CDZ,#(A)QM

=1, since AOV.
Therefore ¢*(V,x)=1 and hence
¢*(V,x)=1.
Theorem 3.3: The d- topology D is finer than
S.

Proof: Since S[J & [1 9 so by theorems 3.1 and
3.2 VLS implies

¢ (X-V.0)=0(X.0)- ¢ (V.x)
=1-1
=00 x0OV.
Therefore S [ D. This completes the proof.

4. Separation Properties in (X, S)
Theorem 4.1: [Theorem 5 of [15]] (X, S) is
regular.

Proof: Let E be S-closed and x[JE. Then x[1X-
E 0OS and so by Lemma 2.1, there are PLIP,
QUQ and ROIR such that x[(IPN QN RO X-E. We
associate with x, a sequence of trio wise
fundamental sets { An,x} such that x[] A nsx and U
(Anx) <1/n O n. By Axiom IV for Az, there is

Bnx U A and a S-closed sets AZn,x such that x[]
A 2n,x U A2n,x U Bn,x and 8} (Bn,x - A2n,x) <1/2n.

Then A (Bnx) < V1 (Aonx) + H(Bn,x—AZn,x)
1,1 .

<— +— =1/ Thus we obtain a sequence {Bnx
2n  2n A q { }

from A such that x[1 B, x and p (Byx) < 1/n Un.

Again, proceeding as above for Bz, x we get a

sequence {Cnx) from A satisfying x[1 Banx OB
2n,x [l Cn,x and M (Cn,x) < 1/n O n. Since {.X} is
triwise compact and xUp so by Axiom III, there
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is 0>0 such that A0 A and {x}n A #¢ and p
(A) <O implies A [0 P. Choose no[] [J such that

1/ne <O. Then Chro,x O P, since x Cno.x» O Cre,
x and [ (Cno, X) < /0 <O0. Now, x0 Bano, x O B
2n0, X [ Cno, x LIP.

Similarly, we can find ni1[J O such that x[1 B»n,
X U Ban,x U Chi, x 0 Q and for n2[100 such that

x[J Bono, x O l§2n2, x Chz,x U R.

Thus xU B2no,x N Boni,x,N Banz,x = U (say) [ B
20X N I§2n1,x N éZnZ,X = F (say) 0 Cno,x N
Cin1,xNCn2,x OpnQnR O X-E, Hence we have
Ul S (by Axiom I), V = X-F 0O S satisfying
xUU, ELJV and UnV = ¢. Hence proved.

Corollary 4.1: [13] If (X, S) is To then it is T».

Proof: Let, x, y be two distinct points of X, then
by Ty there is a S-open set U containing one of
them say x, such that ylUF = X-U. Since F is S-
closed and x[IF, so by regularity there are S-
open sets V,W such that x'1V, FLIW and VN W=
¢ . Then x0V, yOOW and VN W= ¢. Therefore

(X, S)is Ta.

Definition 4.1: In (X, P, Q, R ), P is said to be
regular w.r.to Q if for any P- closed set F and x [IX
with x F, there exist U [J P, VQ such that x[JU,
FOOV and UnV = ¢. If P is regular w.r.to Q, and Q

is regular w.r.to R and R is regular w.r.to P then (X,
P, Q, R) is called (1,2,3)-regular. If the space (X, P,
Q, R) is (i, j, k)- regular then it is called triowise
regular fori #j#k, i,j, k=1,23.

If we consider the bitopological space the (X, P, Q)

and define T = {U: ULX and X -U = X-U} then
(X,T) is a topological space by Lahiri and Das
[2002].

This topology T is finer than both P and Q. By
Lemma 2 of Lahiri and Das [2002], we have {P nQ:
P OPand QU Q} form a base for T.

Therefore, by Lemma 2.1, S is finer than T.
Also (X, T) is regular by Lahiri and Das [2002].
Then we have the following corollary.

Corollary 4.2: In (X, D, S, T) S is regular with
respect to D and T is regular with respect to S and D.

Note: When we say that T is regular with respect to
D, without loss of generality, we assume that D is
the d- topology on (X, P, Q).

Theorem 4.2: (X, D, S, T) is triowise regular if the
following condition:

(a) For any D-closed set E, if { A,} is a sequence of
triowise fundamental sets such that p* (En A,) - 0 as
n - [, there is at least one k[J N such that En Ax=¢
holds.

Proof: We only need to show thatin X, T is regular
with respect to S, S is regular with respect to D and
D is regular with respect to T. By corollary 4.4 it is
sufficient to show that D is regular with respect to T.
Let E be D-closed and x[E. As in Theorem 4.1 we
construct two sequences {Bn,x}, {Cn,x} from A such

that xOBan,x OB, 0 Caxand p (Cox) < Yo O n.

Since X-E is D-open and x[X-E, 5* (E,x)=0. Let
[0>0 be arbitrary. Then there is no [J N such that
'o»<O and @, * (E,x) <OO n2no. Since x0 Cy,e OC
ne, U (Cny) <Yn, m* (B, Coy)<O0n2ng ie, p*
(EnCox)/l (Co)<Oie; u* (ENCn,x) < 0. W (Cyx)
< O O n2p0. thes W* (ENCox) -0 as n— 0. By the
condition (a) there is k[IN such that EnCy.= ¢.

Hence using Axiom I, xUBax,[J TO D, EOX-
CixUX-B2kxJ T and Bokx N (X-Bakx)= ¢. This
proves the theorem.

Definition 4.2: (X, P, Q, R) is said to be triowise
Hausdorff if for every x, y, z [J X, x#y#z there exist

U O P, VOQ and WOR such that xOU, yOIV, zOW
and UnVnW= ¢.

Example 4.1: Consider the following tritopologies
on X ={a,b,c}:

P = {X’¢’{a},{a’b}}
P.={X,¢.{b,c}.{p}}

P3= {X’ ¢ ,{a’ C}’{C}}

Then X is (1,2,3) Hausdorff since for a,b,c [ X,
Pi-openset U = {a} ,P>.openset V= {b} , P3.open
set W = {c} , then we have UnVnW=¢.

Theorem 4.3: If (X, P) or (X, Q) or (X, R) is Ty, then
(X, D, T) is pairwise Hausdorff. Also if (X, D, T) is
pairwise Hausdorff then (X, D, S, T) is triowise
Hausdorff.

Proof: The proof of the first part is similar to
Theorem 7 of Lahiri and Das [2002].

For the last part of the theorem, let (X, D, T) be
pairwise Hausdorff. Let x, y, zUX with x#y#z. Since
(X, D, T) is pairwise Hausdorff, for x, y there exist
U'0l D, V'U T such that xUJU', yOOV'and U'nV'= ¢,
for y, z there exist U"ID, V"L T such that y[1U",
zOV" and U"nV"= ¢ and also for x, z there exist
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U"OD, V"O T such that xOU"™, zOV™ and
U"nV"=¢.PutUnU"=U, V'=Vand V'nV"=W.
Then xUUO D, yOOVO TO S, zOW O T and clearly,
UnVnW=¢.

Therefore (X, D, S, T) is triowise Hausdorff.

Definition 4.3: (X, P, Q, R) is called (1,2,3) normal
if for any pairwise disjoint P-closed set A, Q-closed
set B, R-closed set C, there exist UL P, VO Q, WLR
such that AJV, BUW, COOU and UnVnW= ¢.

If (X, P, Q, R) is (i, j, k) normal then it is called
triowise normal for i£j#k, i,j,k=1,2,3.

Theorem 4.4: If (X, D) is compact then (X, D, T, S)
1s triowise normal.

Proof: Let A, B and C be pairwise disjoint D-closed,
T -closed and S-closed sets respectively. Since (X,
S) is regular for any x[JA, there exist Uy, VxS such
that xUJUx,COVx and UxnVi= ¢. Now, {U,: xUA}

form a S-open cover of A and hence D-open cover
of A.

Since A is D-closed there exist xi1, xz........... JnJA

such that AO| JUx,=U'0'S, CO("|Vx,=WO SO D,

i=1 i=l
U'nV= ¢. Also since (X, T) is regular for each xUA,
there exist U'x, V'x O T such that x{OU'x, BOV'x and
U'xnV'x= ¢. Also {U'x: xUA} form a T open cover

of A and hence D-open cover of A. Since A is D-
closed AO|JU'x,= UO T, BO[ |V, = VOU'D
i=1 i=1

TOUS, UnW= ¢. Therefore, we have ALIULT, B[
VOS,COWLOD and UnVnW= ¢.

Thus (X, D, T, S) is (1,2,3) normal. Similarly, we
can show that (X, D, T, S) is (2,1,3) normal.
Therefore (X, D, T, S) is triowise normal.
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